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ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 
BY THE SLOPE DEFLECTION METHOD 


I. PRELIMINARY 


1. Object and Scope of Investigation—Frames composed of rec- 
tangular elements must in general be designed with stiff connections 
between the members at the joints, in order that loads may be carried. 
These connections must be capable of transferring not only direct 
axial tensile and compressive forces, but also bending moments. It 
follows that frames made up of rectangular elements are usually stat- 
ically indeterminate; that is, the stresses in them can be found only 
by taking into account the relative stiffness and deformations of the 
various members. The common use of rectangular frames in engi- 
neering structures makes it highly desirable that the most convenient 
methods of analyzing their stresses should be developed. The stresses 
in a number of such rectangular frames have been analyzed by the 
writers. This bulletin describes the methods used and presents the 
formulas derived. 

The bulletin is divided into two parts: the first part is devoted 
to the derivation of fundamental equations; in the second part, methods 
and equations are derived for use in determining moments, stresses, 
and deflections for a variety of typical structures. 


2. Acknowledgments.—The investigation here reported was made 
under the auspices of the Department of Civil Engineering of which 
Dr. F. H. NEwetu isthe head. A portion of the work was done in 1915 
in connection with the development of a thesis in partial fulfillment of 
the requirements for the degree of Master of Science in Civil Engineering 
by F. E. Ricoarr. Many of the analyses have been checked by 
W. L. ParisH, graduate student in Architectural Engineering, and 
Yi Liv, graduate student in Civil Engineering, to whom the authors 
gratefully acknowledge their indebtedness. 
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PART i 
DERIVATION OF FUNDAMENTAL EQUATIONS 


II. PRoposirIoNs UPON WHICH FUNDAMENTAL EQUATIONS 
ARE BASED 


3. Statement of Propositions—The fundamental equations used 
in these investigations are derived from the principal propositions of | 
the moment-area method.* These may be expressed as follows: 


(1) When a member is subjected to flexure, the difference in the 
slope of the elastic curve between any two points is equal in magnitude 


to the area of the “2 diagram forthe portion of the member between the 


two points. 

(2) When a member is subjected to flexure, the distance of any 
point Q on the elastic curve, measured normal to initial position of mem- 
ber, from a tangent drawn to the elastic curve at any other point P is equal 


in magnitude to the first or statical moment of the area of the ET diagram 


between the two points, about the point Q. 


The pad diagram is a graph in which the ordinate at any point is 


obtained by dividing the resisting moment, M, by the product of 
modulus of elasticity of material, H, and the moment of inertia of the 
section, J, at that point. If H and J are constant, the diagram will 
be similar in shape to the moment diagram for the member. 


4. Proof of Propositions—The line AB, Fig. 1, represents the 
elastic curve of a member in flexure. Consider the elementary length, 
ds, of the member shown in Fig. 2. The angle between radii at the 
ends of ds will be denoted by d@. The linear deformation of a fibre 
at a distance c from the neutral surface is cd@, and the unit deformation 


of the same fibre is pat From the well known flexure formula the 


*The principles of the moment-area method were given in an article by O. Mohr, Beitraege zur 
Theorie der Holz-und Eisenkonstruktionen, Zeitschrift des Arch.-und Ing. Ver. zu Hannover, 1868, 
p. 19. About the same time the method was presented by C. E. Greene in lectures at the University 
of Michigan. Several modern textbooks on mechanics give the method; see, for instance, Strength 
of Materials, by J. E. Boyd, Second Ed., 1917. 
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M_ diagra 
kor 


Figure 1 


ds 


cdO 


—— Seeteee ce 


FIGURE 2 


in which WM is the 


accompanying unit stress in the fibre is s=4 
resisting moment and J moment of inertia of section. 

Since the modulus of elasticity is the ratio of unit stress to unit 
deformation, H is equal to Ms divided by oe Hence d=7 ds. 
Since in a well designed beam, the curvature and slope are small, dz 


may be substituted for ds without material error, and ao=u dx. 
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M M 
In the El diagram of Fig. 1, B® represents the area of the 


diagram for the length dx. The area of the diagram between points 
. 
2 ‘ M : 
Q and P on the elastic curve is then equal to / aT But the differ- 
@ 


ence of slope of the Saw to the elastic curve is also represented by 


a fao-[ A et) Se 


Hence proposition (1) of the preceding section is proved. It may 
be noted that if MW is taken as the resisting moment acting on the 
portion of the member to the left of any section, by applying the 
conventions of section 5 the area of the a diagram is positive; also 
the direction of integration from Q to P is positive, and the difference 
in slope @ is positive. Other terms involved may be considered as 
scalar quantities. These conventions apply to any case, as, for instance, 
difference in slope from P to Q is negative, since the. direction of 
integration is negative. 

In Fig. 1 the tangents at the extremities of the element of the 
elastic curve, ds, are extended until they intersect the vertical line 
through the point Q. The intercept on this vertical line between the 
two consecutive tangents is xd@. The total vertical distance, y, of Q 
from the tangent drawn at P is the algebraic sum of all the intercepts 
between tangents for the portion of the curve between Q and P; 


a 
that is, y= [ xd@. Substituting the value of dé@ found previously, 
@ 


*M : 

4 

y=| =2xdvr g okay Guat clee. ace teehee: Mie, Ol] ene aan 
y [% | (2) 


In the x diagram of Fig. 1, Py dx represents the area of the 


diagram for the length dx, and a dx times x represents the moment 
M 
EI 
diagram between points Q and P about the point Q may now be ex- 


of this area about the point @. The moment of the entire area of the 
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fP . 
by [ Md, Since this expression is identical with the 


ght-hand member of equation (2), proposition (2) of the preceding 
ion is proved. The conventions of section 5 apply here as explained 
in the proof of proposition (1). 
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Ill. Derivation or FUNDAMENTAL EQUATIONS 


5. Conventional Signs.—The signs of the quantities used in the 
equations in this bulletin are determined by the following conventional 
rules: 

When the tangent to the elastic curve of a member has been turned 
through a clockwise direction, measured from its initial position, the 
change in slope, or the angular deformation, is positive. 

When the line joining the ends of a member is rotated, the move- 
ment of one end of the member relative to the other, measured perpen- 
dicular to the initial position of member is called a deflection, and is 
so used throughout the following discussion. The deflection is positive 
when such rotation is in a clockwise direction from the initial position 
of member. 

The resisting moment or moment of the internal stresses on a 
section is positive when the internal or resisting couple acts in a clock- 
wise direction upon the portion of the member considered. According to 
this rule the portion of the member considered must always be specified, 
and will be indicated by the subscripts used with the moments. For 
example, if C is a point on a member between the ends A and B, Mca 
is equal to —Mcs. 

The moment of an external force or couple is positive if it tends 
to cause a clockwise rotation. 


6. Derivation of Equations for Moments at Ends of Members in 
Flexure—Member Restrained at the Ends with No Intermediate Loads.— 
The line AB in Fig. 3 represents the elastic curve of a member which 
is not acted upon by any external forces or couples except at the ends. 
The resisting moment at A is represented by Maz and at B by Mga. 
The change in the slope of the elastic curve at A from its initial position 
is represented by @4, and that at B by 63. The deflection of A from 
its original position A’ is d. The distance of B from the tangent 
drawn to the curve at A is equal to (d—164). 

From proposition (2), section 3, (€d—104) may be expressed as the 


statical moment of the a diagram for member AB about the end B. 
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The quantities H and I will here be considered as constant throughout 
the length AB. If M represents the resisting moment on the portion 
of member to the left of a section, M is equal to —M4pz at A, and to 


+Mp, at B. The A diagram of Fig. 3 can best be treated as the 


l 


algebraic sum of the two triangles bad and bed. Hence the statical 


moment of the =e diagram about B is equal to the area of triangle bad 

times the distance to its centroid, 241, plus the area of triangle bed 

times the distance to its centroid, 141. This gives 

—Mapl , Meal? 

et at OL ek ae ee 
3EI * 6EI an 8) 

From proposition (1), section 3, 6s— 6. is equal to the area of 


d—l0,= 


the a diagram for member AB, or the algebraic sum of areas bad 


and bed. This gives 


Mast Maal dhs take Was 


bee sat ORT 


rae Rae 
Combining equations (3) and (4) to eliminate Mga, letting 7 = K 


and = R, gives 


Similarly combining equations (3) and (4) to eliminate M4, gives 
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Since the signs of all quantities in equations (3) and (4) are independent - 
of the sense of the quantities themselves it follows that equations (3) 
and (4) are general; and they give the sense as well as magnitude of the 
moments, no matter what the senses of 04, 02, and R may be, provided the 
method of determining signs given in section 5 is followed. As before 
noted, M4z is the resisting moment acting at the end A of the member 
AB. The moment which AB exerts upon the support at A is equal 
in magnitude but opposite in sense to May. A and B are not neces- 
sarily supports of a member but may be any two points along the 
length of a member, provided there is no intermediate load on the 
member between them. 


~. 


: su] nn POT iH | Mu 
oe * 
(c) 
Figure 4 


Equations (5) and (6) are fundamental equations.* They may be 
expressed as follows:—The moment at the end of any member carrying 
no intermediate loads is equal to 2EK times the quantity: Twice the 
change in slope at the near end plus the change in slope at the far end 
minus three times the ratio of. deflection to length. JZ is the modulus 


*The slope-deflection equations for a member acted upon only by forces and couples at the ends 
were deduced by Manderla in 1878. See Annual Report of the Technische Hochschule, Munich, 
1879, and Allgemeine Bauzeitung, 1880. The use of these equations has been developed by several 
writers, among whom are: 

Mohr, Otto, ‘‘Abhandlungen aus dem Gebiete der Technischen Mechanik,” Second Ed., 1914. 

Kunz, F. C. ‘‘Secondary Stresses,’’ Engineering News, Vol. 66, p. 397, Oct. 5, 1911. 

Wilson and Maney, ‘Wind Stresses in the Steel Frames of Office Buildings,” Univ. of Ill. Eng. 
Exp. Sta., Bul. 80, 1915, 
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of elasticity of the material, and K is the ratio of moment of inertia 
to length of member. 


7. Derivation of Equations for Moments at Ends of Members in 
Flexure—Member Restrained at the Ends with Any System of Interme- 
diate Loads.—The line AB, Fig. 4-a, represents the elastic curve of the 
member of Fig. 3, but acted upon by a system of intermediate loads. 
The moments, slopes, and deflections at A and B are similar to those 


‘ Pie, : ; : 
of Fig. 3. The oo diagram, however, is affected by the intermediate 
loads. The quantity HI will again be considered constant. From 


well known principles of mechanics, the Ss diagram of Fig. 4-c may 


be obtained by superimposing the diagram for a simple beam under 


M 
EI 
the same intermediate loads (see Fig. 4-b) upon the a 
Fig. 3. This is merely the algebraic addition of the different moments 
at any section, just as in an algebraic analysis the moment at the end 
of a girder is combined with the moment of the shear at the end and 
of the external loads about the given section. Denote the area of the 
simple beam diagram of Fig. 4-b by /’, and the distance of its centroid 
from B by &. Then, using the propositions of section 3 as before, the 


diagram of 


statical moment of the F7 mut 7 diagram about B is equal to (d— ul). 


—Masl , Meal Fi 


ee ee eat acc is oa. (e5 


The area of the a diagram is equal to 62— 064. 


‘ —M gpl Maal F ad 
(62—04)= + on EI ° ke eee eee 2 


2EI 
Combining equations (7) and (8) to eliminate M pa, letting 7 =K and 
toR, gives 
Sie 
Maz=2EK (204+02—3R) — pe 3t —)) eee, > (9) 


Similarly, combining equations (7) and (8) to eliminate Man gives 


Mya=2EK (20 +04—3R) +7 (21-32) ee  (10)5 
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It is seen that equations (9) and (10) are identical with equations (5) 
and (6) except that they contain an additional term in the right-hand 
members of the equations. This additional term is independent of 
the slopes and deflections of the member, and depends solely upon the 
intermediate loads. Further significance is given to this term if the 
slopes and deflections are made equal to zero, as is true in a fixed beam 
with supports on same level. The last term then becomes the resisting 
moment acting on the end of the fixed beam. Hence it is seen that 
in general the resisting moment at the end of a member with any system 
of intermediate loads can be expressed as the algebraic sum of the resisting 
moment at the end of a member with no intermediate loads, as given by 
equations (5) and (6), and the resisting moment at the end of a fixed 
beam with an equal span and carrying the same system of intermediate 
loads. 

_If the resisting moment at the end of a fixed beam with supports 
on same level be expressed by C, with subscripts similar to those used 
for moments, M, equations (9) and (10) may be written in the following 
general form 


These are the general slope deflection equations which apply to any 
condition of loading and restraint. 

The sign of the constant C may be determined as follows: In a 
fixed beam the sign of the resisting moment at the end of a member is 
opposite to that of the moment of external loads. For instance, in Fig. 4 
the moment of external loads about the end A is clockwise, so the 
resisting moment C,4z is counter clockwise or negative; and since the 
moment of the loads is counter clockwise about B, Cz is clockwise or 


e 


A 


Figure 5 


positive. If the loads were upward instead of downward, the signs of 
Can and Cz, would be reversed. With signs thus treated, C becomes 
merely a numerical, or scalar, quantity. 

It has been noted that equations (11) and (12) apply to any con- 
dition of restraint of the ends of a member. Fig. 5 shows a member 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 19 


restrained at A and hinged to the support at B, so that the resisting 
moment at B is zero. Equations (11) and (12) may be written: 
M4pn=2EK(204+ 03—3R) —Cuap 
O=Mp4=2EK(20g+ 64—3R)+Cpa 
Combining these two equations to eliminate 0, gives 


Man=BK(30,—3R)— (Cant 24) . een 2113) 


If the beam is fixed- at A and hinged at B, with the supports on the 
same level, 64 and RF in equation (13) are zero, and therefore the term 


C Hot 
—(Ca p+) represents the resisting moment at the end A, and can 
be readily calculated for any given loading. 


By similar reasoning, when a beam is restrained at the end B and 
hinged to support at A, it is found that 


Mopa=EK(302—3R)+(Caat 8) 


(14) 


For more convenient reference let the quantity (Caz+ Coa) be 


2 
Car 


denoted by Hp, and the quantity (Ceat+ 5) 


) by Hypa. 


Equations (13) and (14) then take the general form 


The term H represents the resisting moment at the fixed end of 
a beam which is fixed at one end and hinged to the support at the other, 
with supports at same level. The sign of H is determined in the same 
way as the sign of C in equations (11) and (12). That is, the sign of H 
is always opposite to the sign of the moment of the external loads 
about the fixed end of the member. If the external loads act upward 
instead of downward, the values of H in equations (15) and (16) must 
be reversed. 

Equations (11) and (12) are the general equations for the ends of 
a member in flexure. Equations (15) and (16) are special forms of 
equations (11) and (12), applicable to members having one end hinged. 
For convenience in reference these four equations are given in Table 1 
where they are denoted as equations (A), (B), (C), and (D), respec- 
tively. 
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A Moar 


Figure 6 


TABLE 1 


GENERAL EQUATIONS FOR THE MOMENTS AT THE ENDS OF A MemBer AB 1n Fic. 6 


Map=2EK(20,+63—3R)+Cap. . . . 2. . SC(AYd 

Maa =2EK(20,4-6,—3R)1+Cay oe 
If end B is hinged, 

M,;=EK (30,—3R)-+-Hap i. | GE 9 ee eee) 
If end A is hinged, 

My, =EK(865,—3R)+-Hpi-) 3 fe ee 


Nore.—The signs of the quantities used in these equations are determined by the following rules: 


Gis positive (+) when the tangent to the elastic curve is turned in a clockwise direction. 

R is positive (+) when the member is deflected in a clockwise direction. 

The moment of the internal stresses on a section is positive (+) when the internal couple acts 
in a clockwise direction upon the portion of the member considered. 

If the moment of the external forces on the member about the end at which the moment is to 
be determined is positive (+), the sign before the constant is minus (—); if the moment of the ex- 
ternal forces about the end at which the moment is to be determined is negative (—), the sign before 
the constant is plus (+). With the forces acting downward as shown in the sketch, for the moment 
at A, Cap and H4 p are preceded by a minus (—) sign, but for the moment at B, Cp, and Hg, are 


preceded by a plus (+) sign. 

8. Derivation of Equations for Moments at Ends of Members in 
Flexure—Member Restrained at the Ends, with Special Cases of Loading.— 
One method of determining the quantities C and H in equations (A), 
(B), (C), arid (D) of Table 1 has been explained. To illustrate the 
method, some special cases will be considered here. 

Fig. 7 shows a member restrained at the ends with a concentrated 


load at a distance a from A, and a distance b from B. In the simple 


beam moment diagram, the maximum ordinate is, the area F 


is =, and the distance < of the centroid of the area F from B is 


Yg(l+b). 
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l 


Figure 7 


Mus 


Hence putting these values in the last terms of equations (9) and (10) 
gives 


QF — Pab? 
Be) == Cas - PEP oS #3 ces AT 
and 
2 
or ee 


_ If the member had been hinged instead of being restrained at B, 
the value of H4n could have been found from the last term of equation 
(13), in which 


Cra —Pab 
as (Cast) eon 


(l+b) = —H 4, a VC ree et! 


Similarly, if the member had been hinged at A and restrained at 
B, the value of Hz could have been found from the last term of equa- 
tion (14) in which 


Can) _ Pab(l-+a) 
eee P 


+ (Ceat re Hops . . . ° . . . . (20) 
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Figure 8 


As another common case, consider a loading which is symmetrical 
about the middle of the member, as shown by Fig. 8. It is obvious 
that the centroid of the simple beam moment diagram will be at the 


middle of the member, so that <= is Substituting this in the last 


term of equations (9) and (10), 


7 (3¢-1) = = —Cu4p . é ~ F . 4 5 ‘ ¥ (21) 
and 
2F 
tp (21-32) = +4 = me 7 ey Se a (22) 


Similarly, for a member having the end A hinged, the last term of 
equation (13) gives 


Cray _ 


ei0 
2 2 


= (Capt =—- laloys . . . . . . . . (23) 


For a member having the end B hinged, the last term of equation gives 


Ca BT Oo Oe Pai eee eaneras 


+(Ceat 2 1 


A geometrical meaning is attached to the term — since it represents 


l 
the average ordinate of the moment diagram for a simple beam under 
the given loading. 

From these illustrations it is seen that values of C and H may be 
found by the use of equations (9), (10), (13), and (14). Values are 
also given for the more common cases of loading in text books on strength 
of materials, but when so determined, the sign must be fixed in accord- 
ance with the rules of section 5. 
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Another method for determining C and H may be readily applied 
to any kind of loading. For a member carrying a single concentrated 


2 


load P, as shown in Fig. 7, the value of C4, is ba and the value of 


P 
Pa’b : : : ~ 
p? as given in equations (17) and (18). If there are several 


Cra is 


2 
concentrated loads on the member, by summation C4 -> oe and 


Caa= _. 

If there is a distributed load on the member the same method may 
be used, by performing an integration in place of the summation. 
Let w be the unit loading on an element of length dz, which is at a 
distance x from the left end, and a distance 1—x from the right end 


of the member. In the expression am replace P by wdz, a by x, and 


wx (l—x)?dx 


b by l—x, whence Cun= [Re Similarly, Cu- [Se 


i? 


The limits of the definite integral are fixed by the length of the 
member under load. 

If the unit load w is not constant, its variation may be expressed 
in terms of x, and the general value for the total load on a length dx 
thus found substituted for P in the given expression for a single con- 
centrated load, after which the integration may be performed as just 
indicated. 

Values of C and H for different systems of loads are given for 
reference in Tables 2 and 3. 
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VALUES or Constants C AND H ror DIFFERENT SYSTEMS OF LOADS TO BE USED IN 
THE EQUATIONS OF TABLE 1 


TABLE 3 


All Loads Symmetrical about Center of Member 


z a WA 3 PF 3 F 
INOr#\ or Loadigad tis Dlsetae Cas=Cra= Hap-Haa=9 
1 1 3 
eee igh! 
Pa Sale 
2 ae (l—a) 3 7 l-@ 
3 2p at 
9 1 3 Pl 
5 iNe5 
Oy) 4! ~~ 
4 16 39! 
points. 
p 18 an 
5 5 = Wl 


Uniform load over entire span. 
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TABLE 3—CONTINUED 


Z tn F F 
No. Spine | ecru Cis— Cra — ci Hiz—H pa 4 7 
Wa Wa 
dey aes Lit Sy a) 
ay (3!—2a) a (3!—2a) 
w 


11 (2-+-2al —2a?) 


W ip 2 
gp (2+ 2al —20) 


i ane $3) fac 
8 48 Wl 35 Wl 
Load increasing uniformly 
from zero at the ends. 
fo roe 
9 iG Wl 35 Wl 
Load increasing uniformly 
from zero at the center, 
oy, 
athe. Ly 3 iy 
\E 10 20 
seh 


Ai 


Load varying as the ordinates 
of a parabola. 
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PART II 


DETERMINATION OF STRESSES IN STATICALLY INDE- 
TERMINATE STRUCTURES 


9. Assumptions upon which the Analyses are Based.—The analyses 
in this bulletin are based upon the following assumptions: 


(1) That the connections are perfectly rigid. 
(2). That the length of a member is not changed by axial stress. 
(3) That the shearing deformation is zero. 


Recent tests by Abe* show that the first assumption is approxi- 
mately true for reinforced concrete frames, and tests by Wilson and 
Mooret show that this assumption is also approximately true for certain 
types of riveted connections of steel frames. 

The error due to assumptions (2) and (3) depends upon the geo- 
metrical properties of the frame, but for frames of usual proportions 
the error is not large. These assumptions are discussed in detail in 
sections 67 and 68. The error due to slip in connections is discussed 
in section 69. 


10. Notation.—The following notation has been used: 
a=distance from end A of a member to a load. 
b=distance from end B of a member to a load. 
d=deflection of one end of a member with respect to the other 
end, measured perpendicular to initial position of member. 
e=eccentricity of load. 
h=vertical height of a structure. 
k=error in resisting moment due to neglect of shearing strain. 
l=length of a member. 
m= change in the rate of loading in a unit distance. 
n=ratio of K of top member to K of left-hand column for a four- 
sided frame. 
p=ratio of K of top member to K of bottom member for a four- 
sided frame. 


*Abe, Mikishi, ‘Analysis and Tests of Rigidly Connected Reinforced Concrete Frames,”’ Univ. 
of Ill. Eng. Exp. Sta., Bul. 107, 1918. 


+Wilson, W. M., and Moore, H. F., ‘Tests to Determine the Rigidity of Riveted Joints of Steel 


Structures,’”’ Univ. of Ill. Eng. Exp. Sta., Bul 104, 1917. 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 29 


q=ratio of the length of the left-hand column to the length of the 
right-hand column of a two-legged bent. 
s=ratio of K.of top member to K of right-hand column for a four- 
sided frame. 
u=load per unit of length (variable). 
w=uniformly distributed load per unit of length. 
A =area of section of a member. 
Can=resisting moment at end A of a member AB fixed at both ends 
and having both ends at the same level. 
E=modulus of elasticity in tension and compression. 
F=area of the moment diagram of a simple beam. 
G=modulus of elasticity in shear. 
H =reaction. 
Hapn=resisting moment at end A of a member AB fixed at A and 
hinged at B and having both ends at the same level. 
I=moment of inertia of section of a member. 
K=ratio of moment of inertia of section to length of a member. 
M =moment of an external couple. 
M,=statical moment of external forces about point A. 
M an=resisting moment acting at the end A of a member AB. 
Mpa=resisting moment acting at the end B of a member AB. 
N=restraint factor, depending on manner in which the ends of a 
member are held. 
P=concentrated load. 


R=" =ratio of the deflection of one end of a member (with respect 


to the other end) to the length of the member. 
S=shear. 
W =total distributed load on a member. 
a=n?+2pn+2n+3p, for a symmetrical four-sided frame. 
B=6n+p-+1, for a symmetrical four-sided frame. 
A=22(pns+ps+ns+np)+2(p?s+ps?+ pn?+p'n+ Baia aa + 
6(n?s+ns’+ p?+ p), for a rectangular frame. 
Ao=2[ns(4+3q+4q@) +(2+s) +¢(W?+n)+3(¢sn?+s'n)], for a two- 
legged rectangular bent with unequal legs. 
A. =2(3ns?+1lns+s?+s+3n’s+n?+n), for a two-legged rectangular 
bent. 
6=change in the slope of the tangent to the elastic curve of a 
member. 
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IV. Grrpers Havina RESTRAINED ENDS 


11. Moments at the Ends of a Girder Having Fixed Ends—Both 
Supports on the Same Level.—If a girder is fixed at the ends and if both 
supports are on the same level, 84, 02, and R of equations (A) and (B), 


Table 1, equal zero. This being the case, Man=+Can and Mga= 


+Cra. Values of Cap and Cpa for different systems of loads are given 
in Table 2. 


Figure 9 


12. Moments at the End of a Girder Having One End Fixed and 
the Other End Hinged, Both Supports on the Same Level.—If a girder is 
fixed at one end, 6 for that end equals zero. Likewise if both supports 
are on the same level, R=0. This being the case, the moment at the 
fixed end, as given by equations (C) and (D), Table 1, is=} Hap or Hoa. 
Values of Haz and Hpa for different systems of loads are given in 
Table 2. 


13. Moments at the Ends of a Girder Having Ends Restrained 
but not Fixed.—Fig. 9 represents a girder restrained at A and B. P 
represents the resultant of any system of forees on AB. The change 
in slope at A is 64 and at B is 6,. The deflection of B relative to A 


is d pais 
l 
Applying equations (A) and (B), Table 1, gives 


In order to determine M4, and Mpa, 64, On, and R must be known, 
As shown in Fig. 9, 04 and FR are positive and 6, is negative. If P 
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had been upward instead of downward, Cis would have been preceded 
by a plus (+) sign and Cga by a minus (—) sign. Values of Can and 
Cpa for different systems of loads to be substituted in equations (25) 
and (26) are given in Table 2. 


14. Moment at End of a Girder Having One End Hinged and the 
Other End Restrained but not Fixed—Fig. 10 represents a girder hinged 


Viaure 10 


at B and restrained but not fixed at A. P represents the resultant of 
any system of forces on AB. The change in slope at A is 04, and the 
deflection of B relative to A is d. R=“. 
Applying equation (C) of Table 1 gives 
Mane ER (30, —3h)—Hap - ee os wa Se we. (29) 


As shown in Fig. 10, 04 is positive (+) and R is negative (—). 
If P had been upward, H4, would have been preceded by a plus (+) 
sign. 


Figure 11 


For the girder represented by Fig. 11 
Mesa=EK(80s—3R)+Hea - »- ». - « «© « «= « (28) 
in which RF is positive (+) and 4, is negative (—). 
Values of Han and Haz for different systems of loads to be used 
in equations (27) and (28) are given in Table 2. 


32 ILLINOIS ENGINEERING EXPERIMENT STATION 


V. ContTINUOUS GIRDERS 


15. Girder Continuous over Any Number of Supports and Carrying 
Any System of Vertical Loads. Supports all on the Same Level. General 
Equation of Three Moments—Two Intermediate Spans.—Although the 


FIGURE 12 


results of this section are included in the following section, detailed 
procedure is given here to show how the slope-deflection equations are 
to be applied to a continuous girder. Fig. 12 represents two inter- 
mediate spans of a continuous girder extending over a number of spans. 
All supports are on the same level. P, represents the resultant of the 
forces on AB, and P, represents the resultant of the forces on BC. 
; i! : : 
: for span BC is K. 7 for span AB is < Since all the supports 
are on the same level, R=0 for all spans. 
Applying the equations of Table 1 gives 


M ap= "~~ (204+ 6) — Cat Vien Sie ee Loe 
Mpa= 7 (260+-04)+Cos GR SA ho 
Maem ORK (20n4-€c) 20 one a ea ek ee 
Meg GEK (204 PECs ee eee 
Meck Misc =O. toe ad he ade aan a 


Substituting the value of 04 from equation (29) in equation (80) 
gives 
ues 


2Mps—Man= O5t+-2CpatGap ss aon, eS (34) 


Substituting the value of 6c from equation (31) in equation (82) 
gives 
Mcs—2Mac=—6EK0s+Cent2Cac . . «. . « ~ (885) 
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Substituting the value of @, from equation (35) in equation (34), 
and substituting —Mzpc for Mra gives 


NM ap +2M pc(n+ 1) +M co=—[n(2CzuatCan) = (Coat 2C nc) ](36) 


In determining the values of C and A given in Table 3, it was 
found that 


Han= 


ees and Hea= 


2CuatCan 
2 


Equation (36) can, therefore, be written in the form 


NM ap +2M pc(n+1)+Men= —2[nH est xc] ' 5 A ; (37) 


This is the general form of the well-known ‘Equation of Three 
Moments.”* It may be applied to a continuous girder having all 
supports on the same level, no matter what the type of loading to 
which the girder is subjected. As applied to two adjacent spans, 


r 


K =j for the right-hand span anc = for the left-hand span; that is, 


n=> for the right-hand span divided by ; for the left-hand span. 


Values of H for different types of loading are given in Table 2. 


16. Girder Continuous over Any Number of Supports and Carrying 
Any System of Vertical Loads. Supports All on the Same Level. General 
Equation of Three Moments—Two Adjacent Spans at One End. End 
of Girder Hinged.—Fig. 13 represents the two spans at the left-hand 
end of a continuous girder. All supports are on the same level. P. 
represents the resultant of the loads on AB, and P; represents the 


Mes=~ Meo 


Fiaure 13 


*The Equation of Three Moments was first deduced for a girder carrying uniform loads by 
Clapeyron, in 1857, and was published in Comptes Rendus des Séances de l’Académie des Sciences, 
Paris, Vol. 45, p. 1076. It has been extended and generalized for other loadings by Bresse, Cours de 
Mécanique Appliquée, Paris, 1862; Winkler, Die Lehre von der Elasticitat und Festigkeit, Prague, 
1867, and others. 
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resultant of the loads on BC. The girder is hinged at A. Equation 
(37), having been derived for the general case, is applicable. As the 
girder is hinged at A, M4,=0. Equation (37), therefore, takes the 
form 

2M gc(n+1) +Mecp — —2[(nHpstH nc] 5 : = a A (38) 
for two adjacent spans at the left-hand end of the girder when the 
left-hand end is hinged. Likewise, 


nM 43 +2M gc(n+1) = —2 [n HestH ac] . c. ° . . (39) 
for two adjacent spans at the right-hand end of the girder when the 


right-hand end is hinged. 


17. Girder Continuous over Any Number of Supports and Carrying 
Any System of Vertical Loads. Supports All on the Same Level. Gen- 
eral Equation of Three Moments—Two Adjacent Spans at One End. 
End of Girder Restrained.—Fig. 14 represents the two spans at the left- 


Mes=-~ Meco 


Figure 14 


hand end of a continuous girder. All supports are on the same level. 
P, represents the resultant of the loads on AB, and P; represents the 
resultant of the loads on BC. The girder is restrained at A. 
The values of the moments depend upon the restraint of the point 
A, and therefore the moments cannot be determined unless either the 
moment at A or the slope of the elastic curve of the girder at A is known. 
If the moment at A is known, equation (37) is applicable. If the slope 
at A is known, 64 is a known quantity. 
Substituting the value @, from equation (29) in equation (39) 
gives 
2n Man=6HK04—n Mac—2n Hap 3 - : fe = . “ (40) 
Substituting Mu, from equation (40) in equation (37) gives 
M pc(4+8n) +2Mep = 3 Hap—4(nHgst+H nc) —6EK 64 ‘ (41) 


Equation (41) is applicable to the two adjacent spans at the left- 
hand end of a continuous girder restrained at the left-hand end. 
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Figure 15 


Fig. 15 represents the two spans at the right-hand end of a con- 
tinuous girder. All supports are on the same level. P, represents 
the resultant of the loads on AB, and P; represents the resultant of 
the loads on BC. The girder is restrained at C. 

From equation (37) 


2nM an t4M pc(n+1)—2Mecn=—A(nHeatHac) . . . (42) 
Applying the equations of Table 1 gives 
Mapc=2EK(202+0c)—Cac ... . .. . «. « « (48) 
Mcp=2EK(260c+02)+Ccon . . . . . . . . . (44) 
Eliminating @, from equations (43) and (44) gives 
—2Mcp=—Mac—6GEK@c—2Hcn . . . . . . . (48) 


Substituting the value of Mc, from equation (45) in equation (42) 
gives 
2nM an tM pc(4n+3) =2Hex—4[nHeatHAec|+6EKO0c . (46) 
Equation (46) is applicable to the two adjacent spans at the right- 
hand end of a continuous girder. 


18. Girder Continuous over Any Number of Supports and Carrying 
Any System of Vertical Loads. Supports All on the Same Level. General 
Equation of Three Moments—Girder Fixed at the Ends.—lf the girder 
is fixed at the ends, 64 of equation (41) and @¢ of equation (46) equal 
zero. Equations (41) and (46) then take the form 


Mpc(4+3n)+2M ep =2nH ar —4[nHeatH ac] ¢ - : : (47) 
2nM an+M pc(4n4+8) =2Hcn—4[nHeatHA ac] ° - , oe (48) 


Equation (47) is applicable to the two adjacent spans at the left- 
hand end of a continuous girder fixed at the left-hand end, and equa- | 
tion (48) is applicable to the two adjacent spans at the right-hand end 
of a continuous girder fixed at the right-hand end. Values of H for 
different systems of loads are given in Table 2 


19. Girder Continuous over Three Supports and Carrying Any 
System of Vertical Loads, Supports on Different Levels. General 
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Equation of Three Moments—In section 15, the equations of Table 1 
have been used to derive a general ‘‘Equation of Three Moments.” 
The derivation is seen to be merely the combination of four linear 
equations involving slopes, deflections, and moments at the supports 
for each span into an equation involving the same quantities for any 
two adjacent spans. 


Figure 16 


Fig. 16 represents two adjacent intermediate spans of a girder 
continuous over a number of supports. Some of the supports have 
settled. The vertical distances of the points A, B, and C from a hori- 
zontal base line are ds, dg, and de. P, represents the resultant of all 
loads on AB, and P, represents the resultant of all loads on BC. 

The moments in the girder may be considered as made up of two 
parts, one part due to the loads represented by P, and P; when the 
supports are on the same level, and the other part due to the settlement 
of the supports, it being considered that the girder remains in contact 
with all supports. 

Applying the equations of Table 1 gives 


2EK 


Man=—— (204+ 02—3R.) —Can . . ° . . ° . . (49) 

Mpa=7* (260+ 64—3R,)+Cpa : . . . . ° . . (50) 

Mpc =2EK(202+ 6c¢—3R,) —Cac . . . = . . . » (51) 

Mcp =2EK(20¢+ 623—3R,)+Cer F . ° : ‘ . . (52) 

MpatMac=0 Pe . 4 . . . . ° . . = " ° (53) 

in which zt for the right-hand span equals K and ; for the left-hand 
' K 
span equals = 

From Fig. 16 R,=2— ond R= fete. 
7) 1 


Equations (49) to (53) are identical with equations (29) to (33) 
of section 15, except for the additional terms R, and R;. Hence the 
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method of solving for the moments is the same as in section’ 15, 
and will not be repeated here in detail. The general equation of three 
moments for a continuous girder carrying any system of vertical loads 
and with supports on different levels, together with some special forms 
of the equation, are given in Table 4.* 


20. Girder Continuous over Three Supports and Carrying Any 
System of Vertical Loads. Supports on Different Levels. Various 
Conditions of Restraint of Ends.—Table 4, section 19, gives the general 
equation of three moments which is to be applied here. Various cases 
of restraint of the ends of girder and the effect upon the quantities 
in the general equation will be considered. It is seen that if the end 
of the girder is hinged, the resisting moment there is zero. If it is 
fixed, the slope at that point is zero. If the end is restrained, or par- 
tially fixed, the moments at the other supports can be found, if either 
the slope or the moment at the end is known. Modifications of the 
equations of Table 4, for these various cases of restraint, are given 
in Table 5. 


21. Girder Continuous over Four Supports and Carrying Any 
System of Vertical Loads. Supports on Different Levels. Various Con- 
ditions of Restraint of Ends.—Table 4, section 19, gives the general 
equation of three moments which may be applied here. The method 
of using the equation of three moments is to apply it successively to 
each pair of adjacent spans in the continuous girder, thus deriving one 
less equation than the number of spans. If the conditions of restraint 
at the ends of the continuous girder are known, these equations may 
be solved simultaneously for the unknown moment at each support. 

When the end of the girder is hinged, the moment there is zero. 
When the end is fixed, the slope there is zero.. When the end is re- 
strained, if either the slope or the moment at the end is known, the 
moments at the other supports may be found. 

The equations of Table 4 have been applied to the girder described 
in this section, and the values of moments obtained for various cases 
of restraint of ends are given in Table 6. 


*Johnson, Bryan, and Turneaure, ‘‘The Theory and Practice of Modern Framed Structures,” 
Part II, p. 19, Ninth Ed. 1911, give the general Equation of Three Moments for a continuous girder 
with supports on different levels and carrying concentrated loads. The pocketbook, Die Huette, and 
Lanza, Applied Mechanics, have similar equations. 

A. Ostenfeld, Teknisk Statik, Vol. 2, Second Ed., Copenhagen, 1913, pp. 98-162, gives a com- 
prehensive treatment of continuous girders, including the case of varying moment of inertia from 
point to point, and of girder resting upon elastic supports. Both analytical and graphical methods 
are presented. 
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Supports on Different Levels. 


Any System of Vertical Loads.” 


(e) 
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Portion of Girder 
Considered 


Fig. 16 
Intermediate spans 


TABLE 4 


ContTINUOUS GIRDERS 
Equations of Three Moments. 


I 
K= ax for right-hand span. 
1G owl 
Fm 7 for left-hand span, 


Equations of Three Moments 


6EK 


nM an +2M ne(n-+1) + Mev =" * | (de — 9B, te 


toe dv) | ~2 [ Hac +n | 


Fig. 17 
Two adjacent spans 
at left-hand end. 


sea 
2M ge (n+1)+Mep= ae | h(ds— —da) =l(de—ds) | 


—! 2| ules = wal 


End of girder hinged. 
Fig. 18 GEK[. a 
Two adjacent spans nM 4p+2M po(n+1) = Pare, [ n(da da) —I, (de—ds) | 


at right-hand end. 


End of girder hinged. 


Fig. 19 
Two adjacent spans 
at left-hand end. 
End of girder re- 
strained. 


Fig. 20 
Two adjacent spans 
at right-hand end. 
End of girder re- 
strained. 


—2 | nH sa+Hse | 


If Maz is known 
EK 
2M ec (n+1)+Mecp = as [ (ds —da) —I,(de—dz) 
—2 [ Hac + nH | —nMap 
If 64 is known 
6EK 
Macl4 +3n) +2Mcp= 7h hi E i(dg—da) — —2l, (de —dz) | 


+2nHap—4 [ Hoo+nHsa | —6EK 64 
If the girder is fixed at A, 064=0 
If Mcz is known 
6EK 
nM AB+2M gc(n+1) a Ae ht [a (dp-da) -l,( dc-dz )| 
—2 [ Hoc +nH ps +Mcs 
If @¢c is known 
6EK 
2nMant+M pec(4n+3) = A [2 1,(dg—da)-81, (de-de) | 


—4 | Hct nia | +2Hce+6EK 0c 
If the girder is fixed at C, @c= 


Tf there is no settlement of supports, let all values of d in these equations equal zero. 
° Tf there are no loads on girder except at supports, let all values of H in these equations equal zero. 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 39 


Figure 17 


Fiaure 18 


Fiaurr 19 


Figure 20 
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TABLE 5 
GIRDER CONTINUOUS OVER THREE SUPPORTS 


rE ; 
Supports on Different Levels.’ = for right-hand span. 


1m 


Any System of Vertical Loads.? ; for left-hand span. 


ast 
nm 


(a) General Case 


6LK 2 
Msc or, (n+) [ n(de—da) —tde— de) | net [ nites + Hac | 


Spans Identical Except for Loads 


3EK 
Mec= | U(2de—da— de) | - [ Hos +Hac | 


General Case 
64 and Mcp known 


1 {6EK 


Mae = 554 | Teh [Sh(da—da)—2l(de—ds) | +2nHaw 
— 4 (Hect+nH eas) -6EK04+2M cp ‘ 
Mig= SEK (o4- a? _ Mac MHS 
n Ve ee 
6c and M4e known 
1 6EK 
Mec= 4n+3 “7 | 2h(ds—da) —3l, (dc—dr) | —4(Hrc+nHepa) 


+ 2H cr +6EK 6c—2nM as 


Ends of girder restrained 


Mes= “£°+3EK [ bc eae eefen 
64 and 6c known 
Mre= 5 : WER [wide—da)— blde—dn) | —nCna—Cre 
~2EK(04—0c) 
pe sree [ : ae! MBC _ Hyp 


Mce =3EK [ 6 ®. - [+5 $2+Hes 


1 {f there is no settlement of supports, let all values of din these equations equal zero. : 
2 If there are no loads on girder except at supports, let all values of H and C in these equations 


equal zero. 


If an end is fixed, 9 for that end is zero. 
If an end is hinged, M for that end is zero. 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 


TaBLE 5—ConrTINUED 


41 


(b) | Fig. 


22 


Ends of girder restrained 


General Case—Continued 


Map and Mcp known 


u 3EK 
Mec= 2(n+1) (Mces—nM 4p) + is (n+1) [ n(de—da) = i (de— dz) | 


_ nea + Hac 
n+1 


Spans Identical Except for Load 
64 and Mcg known 


| one 
VG ae : 4 [ 


oe 


dao dt |e 
Man=3EK| 04-7 4|- a Sian 


6c and M4z known 
1 (6#K 


Mso=7 | [ 2(ds—da) -B(de — ds) | —4(Hpe+Hea)+2H cp 


+62#K 6c —2M ap 


a ze 


d 
Mcr= 43EK [ 6 - oe] +Hés 


64 and 6c known 


Mom 3 | OER | 2dn— do— da | —Coa—Cac—2EK (84 — 0c) 
da—d M 
Mae=3EK| 0-5 t|- <p! Hus 


de—ds],M 
Men=8EK [60 “> |+—% 


+Her 
Map and Mcp known 


1 3EK Hpat+tHec 
Mec= | Mes —Mas| dae [2ds —da —dc | to eos 


3(dp—daz) —2(de-ds) | +2H4n—4(Hect+ Hea) 
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Figure 21 


Figure 22 


Fiagure 23 


Figure 24 
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VI. Two-Leccep REcTANGULAR BENT. Lucs or Equat LENGTH 


22. Two-legged Rectangular Bent. Concentrated Horizontal Force 
-at the Top— Legs Hinged at the Bases—Fig. 25 represents a two-legged 
rectangular bent having legs hinged at the bases. A single force P 
is applied at the top of the bent. 


Figure 25 


Applying the equations of Table 1 


Memon ROM AM Aion asl 20.2 (64) 
Mup= 2 (804-32) CEES eae me 6) 
(OPEN iacre SA <p een a ar rn (25) 
ATES ce 2 (802—3R) = ES A ee aa ems GY 2 
ener eee (58) 


In these equations, from the definition of resisting moment, 
Map=—Map and —Mga=+Mac. Hence May and Mpc may be 
considered as the two unknown moments to be found. Elimination 
may be done as follows: 
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Subtracting equation 56 from equation 54 gives 


MastM pc =2EK(O4— 63) A ° ° . ° . . . (59) 
Subtracting s times equation 57 from n times equation 55 gives 
—nM 4n—sMpc=EK(3 64—3 03) é ° < : “ . (60) 


Combining equations 59 and 60 to eliminate the quantity (04—9z) 
gives 


M 4n(8+2n)+M po(8+2s) =0 vcd qe Se eet oe ee 
Combining equation 61 with equation 58 gives 

Ph/f 3+2s s 
Mas= —{ = eM aaae e ee ae 2 
Pe tea ear arn (62) 

Ph/ 3+2n 

Miuc=—- —( = » “der Bis pee eee 
Inc=- 5 . — a) (63) 


If n=s, that is, if the sections of AD and BC have the same moments 
of inertia, equations 62 and 63 take the form 
Moc=—Mao=—" (64) 


Figure 26 


23. Two-legged Rectangular Bent. Concentrated Horizontal Force 
at the Top—Legs Fixed at the Bases.—Fig. 26 represents a two-legged 
rectangular bent having legs fixed at the bases. A single force P is 
applied at the top of the bent. 
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Applying equation (A), Table 1, 


2EK 
Mav=— Pm eee (68) 
2EK 
Moa= aa a SS ene, 
cy SS Sa er 
ee sey SS , 2. 170) 
MaptMosatMoactMc2+Ph=0 A 7 c r . - (71) 
oS Se lr (7) 


Substituting the values of Maz and M4» from equations 65 and 66 
in equation 72 and simplifying gives 


2041 4n)+ Mees are ee Se . OPEC TA) 


Substituting the values of Mga and Mxc from equations 68 and 69 
in equation 73 and simplifying gives 
202 


Pets) + 34 <3. Re le) het oc k75) 


ne the values for the moments in equation 71 and sim- 
plifying gives 


pak 


sO4 


ue MSaehe, Ll 
= 2(s-+n) — GEK ° R fy a ape a aieay. ae 7G) 


Solving equation 74 for 3 gives 


pe 2 2 (*) Care Bene ke Sr (77) 


n 


Substituting the value of a from equation 77 in equation 75 gives 


Q@4 - 3(2s+2—n) 
> Soe ew eae ie ee eee eS CER) 
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Substituting the value of “ from equation 78 in equation 77 and 


simplifying gives 


On _ 3(2n+2—s) 
R 3nst4n+4s+4 


(79) 


Substituting the values of fa and a from equation 78 and equa- 


tion 79 in equation 76 gives 


3s(2s+2—n) 3n(2n+2— ay eee nsPh 1 
38nst4n+4s+4  3ns+4n+4s ar 


Solving this equation for - gives 
1 _ 6EK_ 2(8ns’+I11ns+s’+s+38n's+n?+n) (80) 
R nsPh 3ns+4n+4s+4 


Substituting the value of - from equation 80 in equation 79 and 


solving for 0, gives 


Ph 3ns(2n+2—s) 


03 = ToRK 3ne+llns+s-+s+3n's+ne-+n 


(81) 


Substituting the value of 5 from equation 80 in equation 78 and 


solving for 04 gives 


Ph 3ns(2s-+2—n) 


Zs 12QEK 3ns?+11ns+s?+s+3n’st+tr+n 


(82) 
Substituting the values of #2 and 64 from equations 81 and 82 
in equation 65 gives 


Ph 3ns(s+2) 


Mane 2 3ns?-+ lins+s?+s+3n?s + n?+n 


(83) 
Substituting the values of 0, and 64 from equations 81 and 82 
in equation 68 and substituting —Mgc for Mpa gives 


Ph 3ns(n+2) 


Mao= 2 Bns®+ llns+s?+s+8n?stn?+n 


(84) 
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From equation 67 


2EKR i | 


Mopa= n Sos (85) 


R 


Substituting the value of R from equation 80 and of e from 


equation 78 gives 
Ph s(2s+2+5n+3ns) 
2 3ns?+1lns+s?+s+3n?s+n2 +n 


From equation 70 


Moa ae (86) 


QEKR/ 86 
eee 3-3 ) 


Substituting the value of R from equation 80 and of 7 from 


equation 79 gives 


Ph n(2n+2+5s+3ns) (87) 
2 (8ns?+11ns+s?+s+3n?st+n?+n) = ~~ 


Letting A, represent 2(3ns?+11ns+s?+s+3n?s+n?+n), the equa- 
tion for the moments in the frame are 


Mcs=-— 


Man=—s-Sm(et2) 2. 2... 88) 

ee oat = a Eh nee hy eek nd 0 RQ 
Ph 

Mcr=-— q nr2n+2+5s+3ns) ae ee ene © ne Ct) 
Ph 

Moa = — mn s(2s+2+5n+3ns) . . . . . . . (9!) 


If n=s, that is, if the section of AD has the same moment of 
inertia as the section of BC, equations 88 to 91 take the form 


Ph 3n 
Man=Msc=—"> G47 i . . ‘ . . ° . (92) 
1 
cy Ay) pee ela . * z ‘ 5 . . e (93) 
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If n=s=1, equations 92 and 93 take the form 


14 
4 
Mca=Mva=— Fy Ph . A ‘ A . ° ; e : (95) 


24. Two-legged Rectangular Bent. Any System of Horizontal 
Loads on One Leg. Legs Hinged at the Bases.—Fig. 27 represents a 


Fiacure 27 


two-legged rectangular bent with any horizontal load on the leg AD. 
The legs are hinged at D and C. P represents the resultant of any 
system of horizontal forces acting on AD. 
If Mp» represents the moment of P about D, 
Mapv+Msct+Mp=0 


Applying the equations of Table 1 gives 


MincoRRO6)+ Opto eee 
Map="—(804—-3R)+Han . 2.) ss ss 0) 
Mz.=2RK(26:4-6i)) Bude oe 
Mpo= =(86e—BR) «5. 5. su ap ee 89) 


Mint Moc+Mp=Os ae ee 
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Equations 96 to 100 are almost identical in form to equations 54 
to 58 of section 22. Hence the solution for the moments by eliminating 
values. of @ and R, as in section 22, gives 


hese Mp(2s+3) —2n an 
“eat Sa 5 area eels ee . (101) 


1 Mp(2n+3)+2n Hap 


a oy n+s+3 


(102) 


If n=s, that is, if the sections of AD and BC have the same moments 
of inertia, equations 102 and 101 take the form 


Msc=— : | ot Has (103) 

Mis= | Me- | Ros Le = Sain 
If n=s=1, equations 103 and 104 take the form 

Miea? = So |SMo+2Ha0 | A oy Menahem 6) 

Man= 5 |5Mo—2Ha0 | NA eyes (106) 


If both legs of the bent are loaded and if the bent and loads are 
symmetrical about a vertical center line 


Man=Moe=—| apy [Han : : : . . . . (107) 


Values of Hap to be used in equations 101 to 107 are given in 
Table 2. 


25. Two-legged Rectangular Bent. Any System of Horizontal 
Loads on One Leg—Legs Fixed at the Bases.—Fig. 28 represents a two- 
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FIGURE 28 


legged rectangular bent with any horizontal load on the leg AD. The 
legs are fixed at D and C. P represents the resultant of all the forces 
on AD. 
If Mp represents the moment of P about D, 
Mapt+MpatMactMce +Mp = 0 


Applying the equations of Table 1 gives 


Maem QR K(20,4-65\.< 2 2 bee le ee ee 
Mi =2EK(204—88)-En Capo 90 ee ee) 
i Mn, =2EK(0,—3h)—n Cost oe 
Manes QRK (2054-01) va aed» eee ae LU 
WM ck ORR Obs SRY A Ok ee Cee a) 
9 Man @2EK(0se-3R) ae ee eri) 
Mpa Mees Mia 0 eee 


The equations 108 to 114 are similar to equations 65 to 73 of 
section 23. The method of solving for the four unknown moments 
will be done in a different way from that of section 23. The equations 
will first be combined to eliminate 6 and R, then the ae equations 
solved simultaneously for the moments. 

Adding equation 112 and two times equation 110 and subtracting 
equation 109 and two times equation 113 to eliminate 04, 0s, and R 

ives 
: nMants Mrc—2s Mcept2n Mopa= —n(Can+2Cpa) = (115) 
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Adding equation 109 and two times equation 112 and subtracting 
equations 110 and 111 and two times equation 113 gives 
77 Mas+(2s+1)Mec—2s Mecn—-n Mpa =n(Can+Cbpa) (116) 
Adding equations 108, 110 and 112, and subtracting equations 
109, 111 and 113 gives 
(n+1)Mast+(s+1)Mac—s Mcat+tn Mpsa= 
Equations 114 to 117 are rewritten in Table 7. In this table the 


unknown moments are written at the heads of the columns and the 
coefficients are written below. 


TABLE 7 


EQUATIONS FOR THE TWO-LEGGED RECTANGULAR BENT or Fia. 28 


Left-hand Member . 
No. of of Equation ania How Equation was 
Equation | ae! of Obtained 
Mas} Mac | Mcs | Moa shard ae 
114 —1 Al 1 1 —Mp 114 
115 n s —2s | 2n | —n(Can+2Cpa) ee ae +2(110) 
~9(113) 
Mie oe | oe) =e | n(CaptCoa). | —(111)4+-2(012)—-20413) 
—(110)+(109) 
fee nei ett) —e) | in. | —n(Cap+Cpa) | (108) — (109)4-(110) 


— (111) + (112) — (113) 


Solving these equations simultaneously and letting 
A,=2(11sn+38sn?+3s'n+s?+s+n?+n) gives 
Mav=- [3 Ghai a =GsA—Cip (6ns-+3°-+5s+2n) 
(118) 


Mec= — [et (My —Coa)+Can(3ns—n—4s) | (119) 


n 


Mcs= — a [(ans-+ Qn+5s + 2) (Mp—Copa) + Can (8ns+3n 


Beers ee 80) 
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Mpa= — Fe [8 ns + 2s +n +2) (Mp— Cpa) 
+n Cav(3#+12s+1) |—Coa . oe epee amnion 


If n=s equations 118 and 121 take the form 


Maye — =| ee ees : + 2 )| . (122) 


2 6n+1 n+2 ° 6n+1 

seh ee = 6n+1 +040 5 eet 

Lt pies wily (8n+1) (Mp—Coa) iG 1 a 3n 
2 6n+1 HS eras ee) 
(124) 

pray Pile (83n+1) (Mp—Coba) 1 3n 
Th ae Maro | 6n+1 +Cao ( 5 cee 
—Ong tare Ge ee ee ee 


If both legs of the bent are loaded and if the bent and loads are 
symmetrical about a vertical center line 


Mis2u es ae Cig St Le es) 
1 
Mcr= —Mpsa= n+2 Cap +Cpa * e . ° 5 . (127) 


Values of C4p and Cp, to be used in equations 118 to 127 are given 
in Table 2. 


26. Two-legged Rectangular Bent. .Any System of Vertical Loads 
on the Top—Legs Hinged at the Bases.—Fig. 29 represents a two-legged 
rectangular bent having any system of vertical loads on AB. The 
legs are hinged at D and C. P represents the resultant of the loads 
on AB. 
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Figure 29 


Applying the equations of Table 1 gives 


HH = 
EK 
Eliminating values of 6 and RF as in section 22 gives 
sek Cant+Cpa 
Mse=— pane | Tae Co ee! 
aba Cap + Cpa] _ =. 
Mav=5 pai |= Rice Se ltt ony 2a} 


Values of Cpa and Cap to be used in equations 133 and 134 are 
given in Table 2. 


27. Two-legged Rectangular Bent. Any System of Vertical Loads 
on the Top—Legs Fixed at the Bases—Fig. 30 represents a two-legged 
rectangular bent with any system of vertical loads on AB. The legs 
are fixed at C and D. P represents the resultant of all the loads on AB. 
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Figure 30 


Applying the equations of Table 1 gives 


nMns=2EK(Oi--SK), 2 4 se ee ee ee 
nM n= —2EKOQ0.—3R)4 ee Wee ee ee 
Mis=2EK(20.4-053)—Caps . 25) Gee ee oe 
Mac= —2EK(205+ 04) —Cra be a eee cage, Lesesd 
§Mac=2EK(20p—8R) « . sw sy. *.  (E89) 
SM cn = 2EK(Os—ah)s 3) 3) ee eee eee) 
—Mist+MactMontMns=0).. S49 es Seeenel) 


Combining these equations as indicated in the table to eliminate 
64, Oz, and R gives the equations in Table 8. 


Solving these equations simultaneously gives 


oo -~{ Caa(lOns+s!)+Can(11ns-+2s+2s+2n) b . (146) 


Mac=- 4 Coa(L1ns-+2n?+2n-+2s)-+Can(10ns-+n’) } . (147) 
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TABLE 8 


EQuaTIONS FOR THE Two-LEGGED RECTANGULAR BENT REPRESENTED BY Fia. 30 


No. Left-hand Member of 


Equation eee How Equation Was 
niet har: Equation Obtained 
on 0 (141) — 
Pl PS 0 (136) +(139) ag 
+2[(135) —(140)] 
—n |2s+1] —2s —CBa (138) +2[(139) — (140)] 
—[(185) + (136)] 
35 O28) ago aie 138) 
oe (CantCaa) Or aay 


Men = —z-{Coa(7ns—2n?—2n+s) +Cap(Bns—n?-+3n)} (148) 


Mpa =~ { Cpa(8ns—s?+3s)+Can(7ns—2s?—2s-+n) \ SMEGES 


in which A,=2(11sn+3sn?+3s'n+s?+s+n?+n) 


If the load is symmetrical, that is, if Caa=Cap =, equations 146 
to 149 take the form 


Mas= “ts (2ins+3s?+2s+2n) . . . . . . » «. (150) 
Mac= =i  (2lms+3nt-+2n-+2) ere ne er eal 
Mcs= of (15ns—3n?+n-+s) Se rar toe oe) 
Moa= ix (l5ns—3s?-+-stn) . .. ... . «. « ~~ (158) 


If the bent is symmetrical about a vertical center line, that is, 
if n=s, equations 146 to 149 take the form 


1 2 2 1 
Mav=— 5\Coal aap see Cael 5 sites . (154) 


1 2 2 1 
Msc= = 5 {Coal eat mele ‘desea |} . (155) 
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1 1 1 
Mee aie cael Pret pecelpecty nc py 
Mae cet ae a ; : (157) 
aoe 710 os mea Cao| ep seal. 


If the bent and the loading are symmetrical about a vertical center 


line, that is, if mn=s and Cgaa=C,4 p= “equations 146 to 149 take the 


form 


re se 
Man= Macro (158) 
es 


28. Two-legged Rectangular Bent. External Moment at One 
Corner—Legs Hinged at the Bases.—Fig. 31 represents a two-legged 


Figure 31 


rectangular bent having legs hinged at the bases. An external couple 
whose moment is represented by M is applied at A. 

Applying the equations of Table 1 to this bent gives four equations 
which are identical with the first four equations of section 22. Also, 
for equilibrium at A, 


MapntMas=M : F : * 5 ; ; . 4 c - ‘ a‘ (160) 
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Solving these five equations for the moments gives 


Z 3 1 
BM ee a eres) |: ee ea 7161) 


For equilibrium the horizontal reactions at C and D must be equal 
and opposite. Therefore, Map=—Mzc. Combining equations 160 
and 161 gives 


Map= —Mac= (162) 


2 Hae) 


If the bent is symmetrical about a vertical center line n=s. Equa- 
tions 161 and 162 then reduce to the form 


3) ih 
Map=M|1- oy | ee Pe sabe ec, Fa. es ee) GS) 
Map=—Megc= > (164) 
aa we, a nr eo 

liv=s=1 
ia psy, 165 

AB= 7 eee ee ee A em es od LGB) 

3 

Mav=—Mac=7, M . . . . . . . . . . . (166) 


29. Two-legged Rectangular Bent. External Moment at One Cor- 
ner —Legs Fixed at the Bases.—Fig. 32 represents a two-legged rec- 
tangular bent having legs fixed at the bases. An external couple whose 
moment is represented by M is applied at A. 

Applying the equations of Table 1 to this bent gives six equations 
which are identical with the first six equations of section 23. For 
equilibrium of the entire bent, 


—Mapt+Mpst+Mepct+Mce= —M . . . . . . . (167) 
Also, 
Masn+Man=M oh ae (168) 


Mea+Moac=0 emeese tes tem ead.” .° . (169) 
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Solving these equations for the moments gives 


Mas=-— AE (ns-+2s?+2s-+2n) of Me OO AE aed ee erat dr) 
Msc= —2 (108+) NE teat ge ules 
Men=—"-(Se—nt3). . . . 3s) eect 
M 2 
pa=q—\ine— 2s —2s-+n) «Sm Salen BAL ee, alee eR 


Figure 32 


Map=3-(l1ns+28-4+28-+2n) . Sie lhe ea ep mares 
in which 
A, = 22sn+2(s?-+s+n?+n) +6(sn?+s?n) 


If the bent is symmetrical about a vertical center line n=s. Equa- 
tions 170, 171, 172, 173, and 174 then take the form 


M n 1! 

SDs labees Fane ee er ey ee 
MT n 6n 

aa brani ae) Ta Ne ee ey Ge (176) 


vee pesceeea | itp RR eee 
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MTs 1 
Mpa= 3 Geet towed CO fe tn (ALES) 
M n 1 
(sere t rane a (179) 
If n=s=1, equations 170, 171, 172, 173, and 174 take the form 
2 
Mas=Zp (i ee ma ee we (180) 
eee hs 
Msc= D immer eS ne ee ee es bes (180) 
10 
Mecs= a Pi eee in gd oe) Ba.) Me od we (182) 
ip aa (183) 
re 
Man=%5 eR eee Pe wre el 884) 


30. Two-legged Rectangular Bent. Settlement of Foundations— 
Legs Hinged at the Bases—Fig. 33 represents a two-legged rectangular 
bent. The legs of the bent are hinged at D and C. The unstrained 
position of the bent is represented by the broken line DA’B’C’. Due 
to settlement of the foundations the point C’ has moved to C. The 
motion of C can be considered as made up of two parts, as follows: 
first, without being strained the bent rotates about D until C’ is at 
C’’, a point on CD; secondly, the bent is strained by applying a force 
at C’’ acting-along DC which moves C’’ to C; that is, no matter what 
motion of C relative to D takes place, the stress in the bent depends 
only upon the change in the distance of C from D. 

The change in the distance from D to C is represented by d. d is 
made up of two parts, d, due to the deflection of AD, and dz due to 
the deflection of BC. ; 


Applying the equations of Table 1 gives 
Mazn=— AK (864—3%) . . . . . ° . . . . (185) 


Mas=2EK (204+ Oz) ’ ’ . ’ ’ . ’ ' . . . (186) ; 
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Mice as (30, ahs oe ee (188) 


FIGureE 33 


Solving these equations for the moments gives 


d 3HK 


Man = Mac = —- CUE yy (190) 
If the bent is symmetrical about a vertical center line n=s, and 
d 3EK 
Mas=Moac= apres (191) 
If n=s=] 
Die 
Mas=Mac = “Ea 7, EK oe a i eg Se eee ee 


d in equations 190, 191, and 192 represents the increase in the 
distance from D to C. 
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31. Two-legged Rectangular Bent. Settlement of Foundations— 
Legs Restrained at the Bases.—Fig. 34 represents a two-legged rectan- 
gular bent. The legs of the bent are restrained at C and D. The 
unstrained position of the bent is represented by the broken line 
DA'B'C’. Due to settlement of the foundations C’ has moved to C. 


l 


Figure 34 


The foundations, moreover, have tipped so that whereas the tangents 
to the neutral axes of the columns at the bases were originally vertical 
now they are inclined. The motion of the bent can be considered as 
made up of two parts, as follows: first, without being strained the bent 
rotates about D until C’ is at_C’’, a point on DC. At the same time 
- the supports rotate so that the tangents to the neutral axes of the 
columns at the bases are normal to DC. These motions produce no 
stress in the bent; secondly, C’’ moves to C, the support D rotates 
through the angle @p, and the support C rotates through the angle 9c; 
that is, no matter what motion of C relative to D takes place, the stress 
in the bent depends only upon the change in the distance of C from D 
and upon the rotations of the supports at D and C relative to the line DC 
(not relative to DC’). 
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Applying the equations of Table 1 gives 


Mas=— as (264+ 0n—3Ri)” =~... oa eat eee eee 

Map=2EK(264+ Op) ci ° > F c F 5 5 : ; : (194) 
A) 

Mac = 2H % (2054:0g-28Rs) ee rT 

Mes = sibs (20c+ 02— 3R2) e . . . . ~ = 4 (197) 

Vinee —8R,) 2) (LB ae eee 


For the columns to be in equilibrium 
Moa —Ma, atMeactMcep =i 4 * a - . . ¥ > . (199) 


Combining these equations and solving for the moments gives 


Man= ae E (6ns + 2n — Apes + (9ns + 8n — 8) 6c 
— (6ne +-2n—Ts— 38) A» | of og Sees ieee 
Msc= ae 3 (6ns—n+2s) aa + (6ns — 7n + 2s — 3n?) Oc 
OU epearete A»| I ics. ig ie ales cd ale a eee 
2EK 
Mon=—\ Z| BiGns+5n 4 ogfq : + (12ns + 22n + 4s-+-3+43n) 0 
—(Ons+-Tn+-7s4-3) an | Ms iis PS Te) 
2BK 
Ae = [8(ns-+2n 458-1) + (Qns-+7n-+ 7s+3) Bc 
— (12ns-+4n-+22s+3-+38°) a»| eee pee oS: 
mr hiok | 


A= 22ns+2(s?+s+n?+n) +6(n?s+s'n) 
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If the bent is symmetrical about a vertical center line n=s. Equa- 
tions 200, 201, 202, and 203 then take the form 


fol aes 6c—On , 3(0c+ 4p) 
Map=BK|— Smt oe tS _ (204) 
Himes eat 63028 (80-65) ; 
Mnc=EK| + Wo FD 6n+1 | - (208) 
eet d- 8-1), 2n+8.,, 7, , 8(0c+ Or) , 
Meas BK | a | _ (208) 
Mpa=— — EK + CEG Berit) (8o— ee rey (207) 
Lan s— 1 
er an [21+ +16¢+200| a ee om. Seong 
EKT., d 
Moo= 3, |?! $F ~ 2-16 6 OS TARE Grete) 
Men= “yy | 424 +44 00— 26 | Seen Sn ee ae (210) 
a h 
Af ee Fr [224 F284 00| yy: AB eee yk 


In all these equations @ is measured from a line normal to the 
line CD. 

If the foundations settle without tipping it is more convenient to 
measure @ from a line normal to the original position DC’. It is then 
necessary to consider the vertical settlement ds. 

Proceeding as before, if the tangents to the neutral axes of the 
columns at their bases remain vertical, if the bases are separated 
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horizontally by an amount represented by d, and if C settles vertically 
by an amount represented by d3, it can be proved that 


Man==[3 (6ns+ 2n—9) 5 —B(nsbont2s+s)F | man eiz) 
Mpo="5*[3 (ne net 2) +3 (ns-bont2+s)F | , (213) 
2EK 
Mea=— E (6ns-+ Bn+26-41)5-—3(nst5n—stn)? | _ (214) 
2EK 
Mva=-—-|3 (6ns-+ 2n-+-5s-+ 1) £ +3 (ns—ntosts)o 7 | (215) 


If the bent is symmetrical about a vertical center line, n=s. Equa- 
tions 212, 213, 214, and 215 then reduce to the form 


Ma=EK| + 3 a eu 
Mpe=BK| att se ahy) 
Mes=EK| oe “it (218) 
Mpa= - EK] > + aE $ aa ) 
Lies — 1 
Man=BK[-—— >] SR ee ie ee ee 
Mpo=BK|— +2 | sips ai ins Deca al aT 
Mea=EK| = 2 a (222) 
Mpa=—EK| 7 ee ; (223) 
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VII. Two-LecGep REcTANGULAR BENT. ONE LeG LONGER THAN 
THE OTHER 


32. Two-legged Rectangular Bent. One Leg Longer than the 
Other. Concentrated Horizontal Load at Top of Bent—Legs Hinged at 
the Bases.—Fig. 35 represents a two-legged rectangular bent having 
one leg longer than the other. The legs are hinged at C and D. Let 
q equal the ratio of the length AD to the length BC. 

The horizontal deflections of A and B are equal and are represented 


by d. Rap is“ and Rac is Sg. If Rap is represented by R, Rac=q R. 


Figure 35 


Applying the equations of Table 1 gives 


es athe COe we ete ss oh 5 (224) 
Map=— (3 Bee bi ey £225) 
PSE SSE) CS ee rr (755) 
Mpc=" (362-3 q R) ree ok es =)”. (227) 


Man+q MactPh=0 - . ‘ , 4 + F s ; ; é (228) 
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Substituting the value of 6, from equation 224 in equation 226 
and substituting —Mzc for Mpa gives 


1 


Substituting the value of R from equation 225 and the value of 
6, from equation 224 in pth, 227 and substituting —Muas for 
Map gives 


— 


: Min(8—2ng) 2s Mec |) ee 
| 


94 = SEK(6 +39) 


Equating the right-hand members of equations 229 and 230 gives 

Mac(2+q+2s)+Man(l+2nq+2q)=0 . . . . . . (281) 

Substituting —Ma4z for M4p in equation 228 and eliminating Maz 
from equations 228 and 231 gives 


= 2nq+2q+1 
Motes 2 oem me pe cs aa rent ee on NE 
Ws+2+9 
Miner Ph hema roo EBL Sig, oars 


Figure 36 


33. Two-legged Rectangular Bent. One Leg Longer than the Other. 
Concentrated Horizontal Load at Top of Bent—Legs Fixed at the Bases.— 
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Fig. 36 represents a two-legged rectangular bent having one leg longer 
than the other. The legs are fixed at C and D. 

The horizontal deflections of A and B are equal and are represented 


by d. Rap is ¢ and Rac iso q. If Rap is represented by R, Rac=qR 


- Applying the equations of Table 1 gives 


Mee (sky). (286) 
2KK 

Mcp =" (62—39R) 4 . : : ‘ : ‘ . : : : (239) 

Mapnt+MonatqMectqMcst+Ph=0 * : 3 ; 4 : = (240) 


Substituting the values of Maz and M,p from equations 234 
and 235 in equation 241 gives 


(Bam +n(B)=s . i = Ney eae exes ss 


Substituting the values of Mp4 and Mgc from equations 237 and 
238 in equation 242 gives 


(3) +(e) Ot) =34 Bee ee ine hs BiDA A) 


Substituting the values for the moments in equation 240 gives 


6 6 1 Ph 
(af) tna (a) = 2-0) — 7 ae See +» 248) 
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Solving equation 243 for a gives 

eee ee, 2 Sa 

Substituting the value of os from equation 246 in equation 244 
gives 

94 _80s42—ng) we 

Substituting the value of a from equation 247 in equation 246 


gives 
On _ 3(2nqg+2q—s) 


R ~ 8ns+4n+4s+4 


(248) 


Substituting the values of and Se from equations 247 and 248 


in equation 245 and solving for ee and letting A, represent 


R 
2 (3ns? + 4ns + 8° + 8 + 3nsg + 3n*sq’ + n*g? + nq? + 4nsq’) 
1 _ 6EK A, 
ee orgeeen ee tere #6 ow ce ~ (249) 


Substituting the value of % from equation 249 in equations 247 


and 248 gives 


_ nsPh 3(2s+2—n9) 

0, = BER ic. SA et eee (250) 
_ nsPh 3(2nq+2q—s) ‘ 

On= Ghia aaa «eae ahs AL SO ae ee a 


Substituting the values of #4 and 6, from equations 250 and 251 
In equations 234 and 237 gives 


ns Ph(8s+4+2q) rags ; (252) 


Mas= A 
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ns Ph(8n q+4q4+2) 


Oo 


Mea= (253) 


Substituting the values of 04 and FR in equations 236 and 239 gives 


uo _8 eure (254) 
Fh _n Ph(8nsqt+4sq+2ng+s+29) (255) 


Ao 


34. Two-legged Rectangular Bent. One Leg Longer than the Other. 
Any Horizontal Load on Vertical Leg—Legs Hinged at the Bases.— 
Fig. 37 represents a two-legged bent having one leg longer than the 
other. P represents the resultant of any system of horizontal forces 
applied to the leg AD. The legs of the bent are hinged at D and C. 


Figure 37 


Applying}the equations of Table 1 gives 


nM = KS 0.—3R)—nHap 2. ss) 2 (258) 
Mee U easy 3. Ge ah toc cyte 5 2+ (287) 
Be POEs) 5 ta. Git sts ue. =) (258) 
sMzc=EK(30s—3gR) . .. - Bee (200) 


The forces acting on the members AD and BC are e shown i in Fig, 38. 
Mp represents the moment of P about D. 
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A ins 


A 


Figure 38 


Equating to zero the moment of the external forces and reactions, 
about the point D, gives 


} 
Mp—MantMnco+H(~ -h) i 


Equating to zero the moments about the point B gives 


MactH —=0 


Combining these equations gives 
Mas—q Msc=Mpd SP italy “2 2h) nee oe as a te ns ee (260) 
Combining equations 256 to 259 as follows 


-+ 4[ 20256) —3(258) —4(259) | 2+] = | 4(256) +3( 2 


—2(259) [1420] 
(the numerals in the parentheses are the equation numbers) gives 
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Substituting the value of Mzc from equation 260 in equation 261 
gives 
1 Mp(Qs+2+ 9) —2@n Hap 


Maz= 2 apres a ay PE (262) 
Substituting the value of Maz in equation 261 gives 
M SS e— i :_—_0._._0.0._0—00—0—°""——" 2 
re” g@n+s+1+q+¢? Sit 
If n=s, equations 262 and 263 take the form 
p= 1 MoQn+2+4)—2¢n Ha 
eae 5 gn+n+1+qt+¢ 204) 
—— 1 MoQ@gt2q+1)+2qn Hav 
Msc= 5) gntntitqt+¢ (265) 
If n=s=1, equations 262 and 263 take the form 
_ 1 Mo(4+q)—2¢ Hap 
G9) pee ei) 
__ 1 Mo(+4q)+29 Han 
Msc= 5 Pq +2@ (267) 


Values of Hap for different systems of loadings to be used in 
equations 262 to 267 are given in Table 2. 


Figure 39 
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35. Two-legged Rectangular Bent. One Leg. Longer than the Other. 
Any Horizontal Load on Vertical Leg—Legs Fixed at the Bases.—Fig. 39 
represents a two-legged bent having legs of unequal length. P repre- 
sents the resultant of any system of horizontal forces applied to the leg 
AD. The legs of the bent are fixed at D and C. 

Applying the equations of Table 1 gives 


n Map=—2EK (20,—3R)—nGap freee 

‘an = 2EK(2044+-05)>_ 2 up ee ee 
Mae= —2EK(20-+-04) . %) bee ae 
s Mac=2EK(203—3qR) tee bee 
s Mca =2EK(0n—3¢R) ~ . aug ee 
n Moa=2EK(0i—8R)—np, oe 


The forces acting on the members AD and BC are shown in Fig. 40. 


Figure 40 


Mp represents the moment of P about D. Equating to zero the 
moment of the external forces and reactions about the point D gives 


Mp—Man+Moc~Mev+Moa+H( a )=0 
Also 
Mne—Mco+H —=0 
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[($9Z)Z+ (122) — (692) ZI 
(6¢+ 1] + [(¢2%)+ 


(B22)E+ (022)] [+2] [(6+2)¥49+ (b6+3)EV 9] u—| (b+-z)u (6+2)8% (6+ 1)8-(6+2) (62+) (U+ 1% 

(Z2z)E— 
(122) 8+ (0LZ)Z+ (692) 0 0 se— SE+Z I 

[(Z2%) — 
(€22)3— (692)] [62+ 1]+ 

(12%) B+ (89%) — (022) 2) [5+] [(44+2)¥294+ (b+2)9% 9] u | (be+Dug—| (b¢+Ds— | (6+2z) (I+8)@ (O+2)u—be+ I 

($22) ay— I b+ b I- 
poureyqg uorenby jo vay 99 omy avy 


SBA UOTyenby MOF 


equa puey-4y3.Y 


uoryenby Jo Jaquiayy puey-yjorT 


6€ ‘SI AM GHLNASAUdaY LNA YVIOONVLOGY AHL NI SINAWO[, DHL vod SNOILVOOW 


6 Gav], 


LLG 
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Combining these equations gives 
Mpa—MastqMuc—qMcp=—Mvo ..... . . . (274) 


Combining the equations as indicated gives the equations of 
Table 9. 


Solving these equations simultaneously gives 


Man=f-\Mo— Cos) s (8s+4+29) —Can(6q’ns+3s?+4s+ 9s 
+248n)t PE ete ages 

Mrac= —Z\Mo—Coa) s (Bqn+2 +49) + Can (8qns— 2s — 2gs 
san) bn 6" eo ee geo a 

Mcs=— Kyo — Cpa) (3qns+s+4qs+2qn+2q) +Can(3qns—s 
—2g8-+2qn-+gin— 4) is ee ee 


Me x (My— Cua) & (3rie-L4n ans tee Ce 
ss(ltotg) +t ey EM Pre ee ne 
Ao=2 jns(4+39+40") +(s++8)+9"(n-+n) +3(qsn?-+s'n)t for equa- 


tions 278 to 281 inclusive. 


If n=s, equations 278 to 281 take the form 


Mav=]4(Mo—Coa) (n+4+2) —Can(6qin +3n+4+q + 20) 
(282) 


2 
Msc=— x1 (Mo — Coa) (8qn+2+4q) +Cav(3qn—2—2q—¢°) | (288) 


Mces= -= { (Mp —Cpa)(3qn?-+n-+6qn+29) +Cav(3qn?—n + q?n 
—a)}. «1 loge, aa ake cea ces 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 81 
Mpa=— {(Mp—Coa) (3n?-+6n+qn+2)+Cav[3n2+4n (1+¢ 
+@)+¢] Cpa ee obs) 


A= an} 3n°(1 4 @)-+n(5-+ 3q-+ 52) + 1+ "a for equations 282 to 
285 inclusive. 


If n=s=1, equations 282 to 285 take the form 


Ma=~{(Mo—Cos) (7+2q) —Cav(8¢-+q+7)} ee COO! 
Msc= — 5 {(M—Coa) (79+2)+Can(q—2—¢)} ee 257) 
Mes=—5 {(Mv—Coa) (11g+1)+Cav@q-1+¢@)} Cat au tess} 


Moa= —{(Mv—Coa) (11 +4)+Can(7+40+5¢)}—Coa (289) 


A,=6(8+9¢+39) for equations 286 to 289 inclusive. 
Values of Cap and Cp, are’given in Table 2. 


Ficure 41 


36. Two-legged Rectangular Bent. One Leg Longer than the 
Other. Any System of Vertical Loads on Top of Bent—Legs Hinged at 
- the Bases.—Fig. 41 represents_a two-legged bent having one leg longer 
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than the other. P represents the resultant of any system of vertical 
loads applied to AB. The legs of the bent are hinged at C and D. 


Applying the equations of Table 1 gives 


n Man=—HK(30,—3R). 3 ee 
Mae=2EK(204+03)=—Can 3. See ee ee 
Msc=—2EK(20e+04)—Caa . . . . . ~~ = ~~ (292) 
8 Mac= EK(805—3qR) . 5 2S Oe ee eos 
Since the sum of the shears in the two legs equals zero, 

—MaptgqMac=0 -. 2. ae ee Se ee ee ee 


Combining equations 290 to 293 as follows 


a [21290) —3(292) ~4(298) 4 ES [4(200) +3(201)-2(298) 


(the numerals in the parentheses are the equation numbers) gives 
M 4n(2qn+2q+1) +Meac(2s+2+q) = 
—[Cea(2+q)+Can(1+29] . . . . . . . (295) 


Substituting Mgc from equation 295 in equation 294 gives 


ad Cea(2+q)+Can(1+2q) 


ga EY rears gn+s+1+q+¢ ey 
Substituting Maz from equation 296 in equation 294 gives - 
od 1 Cza(2+q)+Caal+2q) 
F 


If the load is symmetrical about the center of AB,Cg4=Cas= iF 
and equations 296 and 297 take the form 


Pr pee ease OS eg act 

Maa oe ie oem eer a (298) 
i Sh on ae 

aos a gn+s+1+qt+¢ oe 


Values of Caz, Cea, and 7 are given in Tables 2 and 3. 
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37. Two-legged Rectangular Bent. One Leg Longer than the Other. 
Any System of Vertical Loads on Top of Bent—Legs Fixed at the Bases.— 
Fig. 42 represents a two-legged bent having legs of unequal length. 


Fiaure 42 


P represents the resultant of any system of vertical loads on AB. 
The legs are fixed at D and C. 


Applying the equations of Table 1 gives 


Mle K (20, GH se i os. cS =. (800) 
Moe rhiates Oy Clue to) te hee. a. 0) (B0T} 
ge ORS On-HOa) Caw 8 ty n foe eh 215802) 
DMipemOPRI2 0, Gah). sees te eat oi ~. of (308) 
ie Kit, Ry ei. eee ks 804) 
Reece RCO, Hohe a ee ea es. s.r (808) 


Since the sum of the shears in the two legs equals zero, 
—Mas+qMect+qMcs+Moa=0 Peete et fc 2 (806) 


Combining equations 300 to 306 as indicated gives the equations 
of Table 10. 
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84 


\(008)Z 
+ (g08)— (tog)zl[6z+ 1]+ Lg+1)4¥oc+(+z)"49]—| (b+z)u 
[(S08) + (F08)Z+ (Z08)] [+2] 
(ZO)e+ r je 
[(Fos) — (goe)I8-+ (toe) a PG! 0 
[(F08) — 
(cog)z—(108)] e+1+ | [e+1)#%9+ (6+2)¥49¢] — | (62+ Dug— 
[(g0€%) + (008) — (208) z)[+2] 
(908) 0 i 
peureiqg uolenbry jo re 


(66+ 1)s— 
(64-2) sz (5+2) 
sg— se+Z 
(6t+1)s— | (6+%) (I+8)z% 
i) B 
29 ody 


(6+@)u—be+T 
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avy 
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uolenby jo equieyy puvy-ijorT 
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Solving these equations simultaneously gives 


Ae = x : Ceal2qns(3+2q) +8'] +Canlqns(3-+89) 


+2s'+20+24°n] | mm ree tn (810) 
ice = Caalns(8+3q) +2¢'n?-+2¢?n-+2s] 
+Canl2ns(2+34) +0°n' ee es wet 8 (311) 
Mcs=— Fe} Coalns(4-+8q) — 2qn? —2q-n+s] 
+Canl2ns(1-+39) —@n'+ Sqn] a ees ives ee tole) 
Moa=— rae Cnal2qns(8-+q)—8+34s] 
+Caslqns(3+4q) —2s?—2s+¢@n] gs Forest 16591) 
in which A,=2[ns(4+3q+4¢’) +¢’n(38ns+n-+1)+s8(8ns+s+])] 
If the load is symmetrical about the center of A B, Caa=Caz= a 
and equations 310 to 313 take the form 
Mas=— x = [3qns(8-+4q)+3s+2st+2@n]. . . . (314) 
Bo=— 7 = [3ns(4+3q)+3qnr?+2@n+2s] . . . (315) 
Mew=— 5 [ [Bus(2+3q)—3en'+qn3—2) +s]. . (B16) 
Moa= 7 Bans(3-+29)—38-+s8q-2)+e'n] . .. BIT) 


If n=s equations 310 to 313 take the form 
Oem na Caan(1+6q+49") +Canln(2+3¢+8¢) 


Pete eS. lB) 
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i Be Oo In(B + 3q + 2g) + 2 + 29°] 


+Cann(4+6q+¢5 | CO a ae 


Mcz=— ne Cra [n(4 + 3q — 2¢) +1 — 2¢7] 


+Canln@+6q-) +30] - 6 eee 
Mpa= 5-4 Coa [n(—1 + 6q + 24%) + 3q] 
+Can [n(—24+39+4¢)—2+ 44 | oi eee 
in which A, = 2n[3n?(1+@) +n(5+3q+5¢’) +(1+¢@)] 


If n=s and Casa=Cis= equations 310 to 313 take the form 


nes 


Man=~ [3n(1-+39+4g2)+2+2¢] . . . . . (822) 
Msc=— = + [3n(4-+3q+q?)+2+27] . . . . . (823) 
Mes=~ > [n(243q—@)+143-2¢7'] . (824) 
Mpa= + Sn(—1+8¢-29") —2-+-Bectel 


Values of Cga, Can, and + are given in Tables 2 and 3. 

38. Two-legged Rectangular Bent. One Leg Longer than the 
Other. External Moment at One Corner—Legs Hinged at the Bases.— 
Fig. 43 represents a two-legged rectangular bent having one leg longer 
than the other. An external couple with moment MM is applied at A. 
The legs are hinged at D and C. 

Applying the equations of Table 1 gives 


Map= — —~(36,—3R)+M . » yn ee ees 


Mg ns2 (2041-05) - 2 6% Re 
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Figure 43 
Mac= — 2EK (203+ 0.) Mee a he eee ne AS) 
Mac= — (30p—39R) eo Og” Se rs el ea 73!) 
Mav+qMxnc=0 
M—Mas+qMac=0 
Man—qMpc=M ert Pee wate ok os. (OQ) 


Combining these equations and solving for the moments gives 


M 2s+2+9+2¢n : 
M42= > SS Bg ES eS er 15 
An” 2 @n+st1+q+¢ eR 


_M__ 4(1+2) 
1S grrr amare prverer “ Fea yo ee Oe ee ea Oe Oe), 


M 1+2q 


Vp TANS Solero ae ESO 
bier gnreri tere 


(333) 


39. Two-legged Rectangular Bent. One Leg Longer than the 
Other. External Moment at One Corner—Legs Fixed at the Bases.— 
Fig. 44 represents a two-legged rectangular bent having one leg longer 
than the other. An external couple with moment M is applied at A. 
The legs are fixed at C and D. 
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Ficure 44 


Applying the equations of Table 1 gives 


pe ce (20-3R)- Me 

Map “Eo Q2HK (2 O4 ac Op) . . . . . . . . . . . (335) 

Mga = 22K (2054-04). se 

pe ae (265-\8olt) ik de he Eee oe 
2EK 

Mcp = = (Oz = 3qk) . . . . . . . . . . . (338) 

Mae ai Oe) ee Sey 


For AD and BC to be in equilibrium 


Mpa—Mazn+q Msctq Mcs=—M eee rae (340) 
Combining these equations and solving for the moments gives 
Masn=+ — (6s?-+-8s+3qs+6qnst2qn) . . . . . (841) 
Mac=— a (4s+6gstaqn) =. 6 oa ee ws ees 


Men=— *" (2s-+69s-+3q—¢°n) 2. Yo mabe) tachi eae eee eare 
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a (8qns —2s?—2s+4qns+@n) tee or =. (O44) 


Mpa=+ 


Man=+ Zs (83qns+8q?ns+ 2s?+ 28+ 2¢?n) 
in which 


eo [ ns A+ 8q+4e) te ts+gin(n tl) +3ns(qn-+s) | 


40. Two-legged Rectangular Bent. One Leg Longer than the 
Other. Settlement of Foundations—Legs Hinged at the Bases.—Fig. 45 
represents a two-legged rectangular bent having one leg longer than 
the other. The legs of the bent are hinged at Dand C. The unstrained 
position of the bent is represented by the broken line DA’B’C’. Due 


Figure 45 
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to settlement of the foundations the point C’ has moved to C. The 
motion of C can be considered as made up of two parts, as follows: 
first, without being strained the bent rotates about D until C’ is at C’’, 
a point on DC; secondly, the bent is strained by applying a force at 
C’’ which moves C’’ to C. It is apparent that no matter what motion 
of C relative to D takes place, the stress in the bent depends only upon 
the change in the distance of C from D. 

The change in the distance from D to C is proportional to d. dis 
made up of two parts, d; due to the deflection of AD, and dz due to 
the deflection of BC. 


Applying the equations of Table 1 gives 


Mas=— 25 0,-38)” . 
Mn 2RK (26,402) 0 ers 
Mzg=—2EK 20046). 0 a er 
Mog= == Gia 20k) 


For the columns to be in equilibrium 
Man—q Msc=0 . . . . . . . : . . . . . (349) 


Combining these equations and solving for the moments gives 


ge 3qHK 
Mas= = ra ee eT (350) 
Msac= we — (351) 


41. Two-legged Rectangular Bent. One Leg Longer than the Other. 
Settlement of Foundations—Legs Fixed at the Bases.—Fig. 46 represents 
a two-legged rectangular bent having one leg longer than the other. 
The legs of the bent are fixed at DandC. The unstrained position of 
the bent is represented by the broken line DA’B’C’. Due to settlement 
of the foundations the point C’ has moved to C and the tangents to the 
elastic curves of the legs at their bases, originally vertical, have been 
rotated to the positions shown. This motion may be considered as 
made up of three parts, as follows: first, without being strained the 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 91 


bent rotates about D until C’ is at C’’, a point on DC; secondly, the bent 
is strained by applying a force at C’’ which moves C”’ to C; thirdly, 
couples are applied at D and C, still further straining the bent so that 
the tangents to the elastic curves at the bases of the legs make angles 
of @p and 6@¢ respectively with lines normal to DC. It is apparent that, 


Figure 46 


no matter what motion of C relative to D takes place, the stress in the 
bent depends only upon the change in the distance from C to D and 
upon the angles 9p and 6c. 

The change in the distance from D to C is proportional to d. dis 
made up of two parts, d; due to the deflection of AD, and dz due to the 
deflection of BC. 
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Applying the equations of Table 1 gives 


E 

Map=2EK(20,+6,) °. 2 022 2 re 
Myo =—2EK(20u+-6,) . eee rs eee 
Myo= (20n-4-Oo—BRs) a 5 nae Nie eee 
Men=—— (200-+-On—BR:) =. ee oe 
Mos="— (260+ 01=8R,) ss 


For the legs of the bent to be in equilibrium 
Mpa—Mant+qMectqMcr=0 . . . . . . . . (358) 


Combining these equations and solving for the moments gives 


Man= pede [ 6qns +2qn—s] + Oc [9qns+2qn(8+q) — s] 
— Op [6q’ns+2q’n—s(4+3q) —3s7] t a Ge ae! GR ae ee) 
Mpo= 43 [ 6ns—qn + 2s] + Oc [6ns — gn(3+4q) +2s—3¢?n? | 
= 4 [99ns—g'n-+2s(1+34)]t ME wer rt, 6%) 
Men==5 3% [6ns+n (4+ q) +2s+1] + Oc [12ns + 2n(6+3¢ 
+-2¢°)+-48+3¢'n?-+3] — Op [9qns-+-qn(6+g) + s(1+ 69) +39] t 
mit § t8G1) 

2EK 

Moa= Ses [ Ggns+2qn+s(1+4q) +4] + 8c [9qns+qn (6+49) 


+s(1-+6q)-+3¢]— Op [12¢?ns-+-4q¢n-+-2s 2-+89-+67)+3s"+ 34" 
(362) 
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in which 
A,=2 [ns(4+3q+4q@) +¢n(8ns+n+1)+s(8ns+s+1)] 


It is to be noted that #¢ and 6p are measured, not from the original 
direction of AD and BC, but from a line normal to AB. 

If the tangents to the elastic curves of the legs at their bases remain 
vertical the moments can be expressed in terms of the vertical settle- 
ment of C relative to D. The 6’s are then measured from the original 
direction of AD and BC and equal zero. The displacement d is meas- 
ured in a horizontal direction. Proceeding as before the moments are 
found to be as follows: 


QEK (3ad Bal 
Maz= x ea [Ggns+2qn—s] — Gt5p 1 lans(13—49) 
+2am2+6q-+0) +2009+q-G)+(13—4g)I (363) 
QHK (3qd Sao. 
Msc= Ki ae [6ns—qn+2s] + Gap T [ns (4 + 5q) 
++ 2qn (1+5q-+3q?) +28 (5-+6q—2¢") +9?n?(44+ 5q)]| . . (364) 
QEK \3ad 
Mon=— a [6ns-+n(4-+q) +2s+1]— at [ns (4 +59) 
+n(8+ 16q + 15¢?-+6q*) — s(3-+10q— 492) + qn? (4-459) 
—2(1—29+@")]h ote GR ee CS 


2EK (3 qd ie ball! 
Ky he [Gans +2an+ s(l+40) +al— etEH T 


(13 —4q) —qn(4+2q+3¢@) +8(18+ 15q+ 209?—8¢') + s°(18 —4q) 
+2q(1—-20+4')] ri Sha be a 08 (366) 


Mpa= == q’ns 
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VIII. Two-Leacep TRAPEZOIDAL BENTs. BENTS AND LOADING 
SYMMETRICAL ABOUT VERTICAL CENTER LINE 


42. Two-legged Trapezoidal Bent. Bent and Load Symmetrical 
about Vertical Center Line. Vertical Load on Top—Legs Hinged at 
the Bases.—Fig. 47 represents a two-legged trapezoidal bent. The 


Ficure 47 


bent and the load are symmetrical about a vertical center line. The 
legs are hinged at C and D. 

From symmetry 04=— 6g. Since the deformation due to shearing 
and axial stresses may be neglected, the points A and B do not move, 
and # is zero for all members. By applying the equations of Table 1 
five equations are obtained which are identical with equations 128 to 
132 of section 26; hence it is seen that the moments in the members of 
this frame are independent of the angle of inclination of the legs, and 
this is true of any trapezoidal frame in which loading and frame are 
symmetrical about a vertical center line. The direct stress does vary 
with the angle of inclination, and may be found from the equations of 
statics when the moments are known. 

The moments as found in section 26 when rie to this case in 
which bent and loading are symmetrical about a vertical center line are 


Lp eee 

Map= Mzo= (5755 )9 woe) Sabu a een le Co 
Ifn=1 

Mav=—Mac=2 PET ae en 
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Values of are given in Table 3. 


43. Two-legged Trapezoidal Bent. Bent and Load Symmetrical 
about Vertical Center Line. Vertical Load on Top—Legs Fixed at the 
Bases.—Fig. 48 represents a two-legged trapezoidal bent. The bent 


Figure 48 


and loads are symmetrical about a vertical center line. The legs are 
fixed at Cand D. From the preceding paragraph it is seen that equa- 
tions 158 and 159 of section 27 apply to this case. 


pS OEY 
Map= “Mse=(s55)7 ee ee es 8) eS SOO) 
1 PF 
Moa= —Mes=( a5 SOR Bee ee CYL) 
If n=1 
: Mis —Myc=>7 : (371) 
Mopa= —Mes=>> (372) 


Values of = for different loads are given in Table 3. 


44. Two-legged Trapezoidal Bent. Bent and Loads Symmetrical 
about Vertical Center Line. Loads Normal to Legs of Bent—Legs Hinged 
at the Bases.—Fig. 49 represents a trapezoidal bent having loads normal 
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Figure 49 


to the sides AD and BC. The bent and the loads are symmetrical 
about a vertical center line. P represents the resultant of the loads 
on AD, and likewise on BC. The legs are hinged at D and C. As in 
sections 42 and 48 the moments are independent of the angle of inclina- 
tion of the legs. Hence equation 107 of section 24 applies. 


2n 


Mav=—Mosc= Gane Hap (373) 
Ifn=1 

2 
Min=2 Hap > 6. ets) 


Values of Hap are given in Table 2. 


45. Two-legged Trapezoidal Bent. Bent and Loads Symmetrical 
about Vertical Center Line. Loads Normal to Legs of Bent—Legs Fixed 
at the Bases.—Fig. 50 represents a trapezoidal bent with loads and 
members similar to those of Fig. 49, except that the legs are fixed 
at D and C. Equations 126 and 127 of section 25 apply here. 


Figure 50 
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1 en) Pee Gs) Cap - ‘ * “. a co ° e . (875) 
Mpa=—Mes=— Cav aE; (376) 
A CB n+2 DA : . = . < e e 
etry: 
ent Coli? a) i) 2, >» \- G77) 
ey a 
Mpsa=—Mcp=— (= Can+Cpa) . . . 4 4 e . ° (378) 


Values of C are given in Table 2 


46. Two-legged Trapezoidal Bent. Bent and Loads Symmetrical 
about Vertical Center Line. External Moments at Upper Corners of 
Bent—Legs Hinged at the Bases.—Fig. 51 represents a two-legged trape- 


Figure 51 


: zoidal bent having couples acting at A and B. The bent and the 
couples are symmetrical about a vertical center line. The legs are 
hinged at C and D. 

As in sections 42 and 43 because of the symmetry of loads and 
bent, the moments are independent of the angle of inclination of the 
legs. Equations 163 and 164 of section 28 are modified to apply 
here by the algebraic addition of moments due to the two couples. 


Sloane LE), 


Pe ee Oy es... (880) 
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lf n=1 ; 
aS 2M eg Be 
pre 2 M.. .. wie 


47. Two-legged Trapezoidal Bent. Bent and Loads Symmetrical 
about Vertical Center Line. External Moments at Upper Corners of 
Bent—Legs Fixed at the Bases.—Fig. 52 represents a two-legged trape- 


Figure 52 


zoidal bent having couples acting at A and B. The bent and the 
couples are symmetrical about a vertical center line. The legs are 
fixed at C and D. 

Since from symmetry of bent and loading, the moments are inde- 
pendent of the angle of inclination of the legs, equations 175 to 179 of 
section 29 apply here. 


2M 


Map=—Mse=7 75 . . . . : . . . . ‘ . (383) 
er a ae nM 

Mas=—Msa= <i (384) 
. a ey FF or MS ; 

Mpa=—Mes= 5 (385) 

Lk w= 1 

eee —Myc=2M . « 3 eee 

eee ~Moa=4M Lo cena tie Se recs 

Mose ~Mes=4M gs Seach eee eae 
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IX. Recrancuuar FRAMES 


_ 48. Rectangular Frame. Horizontal Force at the Top.—Fig. 53 
represents a rectangular frame having a horizontal force P applied at 


Figure 53 


the top. The value of Rk for members AB and DC is zero, and R for 
AD equals R for BC. 
Applying equation (A), Table 1, gives 


UPEAQER W005 Or =oRy + eat ne gee) 1889) 
Min IRR 0. dp 3h) a S800) 
Peak (Oat Oye we ee ag Pino gv at) 2. (BOL) 
Re ON (20nrUs) (pelts ve on ie ye 0) Ry 9(802) 
Pee eE (20niVo— Shi oy sates» su» '« 1(898) 
eR Gat bw OR)) OO ee vy (894) 
MEE bin 0 ae ei ae oc es ue (308) 
pee On Oye Ore hey We ty en S. -(896) 


Considering AB and DC removed and equating the sum of the 
- moments acting at the tops and bottoms of AD and BC to zero gives 


Mav+Moat+MactMcs1t+Ph=0 
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Substituting —M,4, for Man and —Mcp for Mcp gives 
—MaptMepc—MecptMpa= —Ph . ° . . . . ° (397) 


Combining equations 389 to 397 as indicated in Table 11 gives 
equations 397 to 400 of Table 11. 


Solving these equations simultaneously and letting A represent 
the common denominator gives 


A=22(spn+sp+sn+np)+2(sp°+s'p+vpt+pnt+s+s+n?+n) 
+6(sn?+s°n+p?+p) and 


Man= 5 38°n-+5nps+2s*p+2sp?+b6ns+b6pn+5ps+3p? ) (401) 


Msc=— a ( 3n’s+ 5nps+2n?p+2np?+b6ns+6ps + 5pn + 3p? 
(402) 


Mop= = (8n's + 6nps-+5ns-+6ps + 5pn+2n +3p+ ant) - (403) 


Mpa=— mal 3ns’+6nps+5nst+bpn+5ps+2s+3p+2s? ) (404) 


If the frame is symmetrical about the vertical center line, that is, 
if AB and BC, Fig. 58, have the same section, n=s, and equations 401 
to 404 take the form 


Oe Minos He (405) 
2 8 
Ph 3n-+1 
Me a a a (406) 


in which B=6n+p-+1. 
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(968) + (G68) + (468) + (e6g) + (Z68)-+ (162g) + (OBE) + (688) 


(06) — (688) — [(68)+ (g6g)]z+ (G68) + (z6e) 
[(968) + (¢68)]e+[(F68) + (688)]1Z+ (268) + (068) 


0 


(268) woryenby 


uoyenby Surureyqg jo poy, 


kel 


torenby 


de+ug dg+sz| s u 


uo1yenby jo 
ToquIeyy PUsy-yyeoT 


d+u|d+s| [+8 | [+u 
aoe d+sz| T-+sz| u— 


To) tu eee 
vay a Wy oI av won 


dOJ, HL LY FOU 7 TVLINOZINOFY HLIM ANVU UVIOONVLOAY wor SNOILVNOW 


IL @1avJ, 


102 ILLINOIS ENGINEERING EXPERIMENT STATION 


If the frame is symmetrical about the vertical center line and if 
the top and the bottom of the frame are alike, that is, if n=s and p=1, 


Man=—Moo= . . . ° . . . . . . 5 (407) 
Mcp= —Mpa= oe e . : . . . . t . . . (408) 


49. Rectangular Frame. Any System of Horizontal Forces on 
One Vertical Side—Fig. 54 represents a rectangular frame subjected 


Fiacure 54 


to any system of horizontal forces on the side AD. 
Let Mp represent the moment of the external forces about D. 
Applying the equations of Table 1 gives 


NM ps =2EK(20p+ 04—3R) —nCpa 5 , ‘ : a . - (409) 
nM ap= —2EK (204+ 0p—3R) —nC ap te wks Sav eee Ge ELD) 
—Mas+Mapc—Mcpt+Mpa=—Mp : i A 2 a é Fy (411) 


Six other equations which are identical with equations 391 to 396 
of section 48 may be written. The values of @ and R in these 
nine equations are identical with those in equations 389 to 397 of 
section 48, and hence the combination of equations to ‘eliminate these 
two quantities is made in the manner indicated in the last column 
of Table 11. The equations thus obtained are given in Table 12. 
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TABLE 12 
EQUATIONS FOR THE MOMENTS IN THE RECTANGULAR FRAME REPRESENTED BY 
Fig. 54 
No. of Left-hand Member of Equation Right-hand Member 
Equation of Equation 
AB Msc Mep Mpa 

411 —] 1 —1 1 —Mp 

412 n s 2s+3p 2n+3p —n(Cap+2Cpa) 

413 —n 2s+1 2s+p —n n(Cap+Cpa) 

414 n+1 s+1 s+p n+p —n(Capo+Cpa) 


Solving these equations simultaneously gives 


Man= 4 Mp(8s°n+5nps+2s*p+2sp?+6ns+6pn+5ps+3p") 


—Capn(6sn+2pn+3s?+17ps+2n+5s+11p+2p’) 


—Coan(3s'+ 12ps-+6s-+10p+p*) t Ripe. Barats) 
Msc= ~ 4} ~Mo(Bsn?+2ntp-+Snps-+2np?-+6ns-+ Spn-+6ps-+3p*) 
—Capn(8ns+2pn+5ps—n—Tp—4s+ 2p’) 
+Coan(3ns-+3pn—Sps-+8p+6s—p')| ta de ecu ALO 
Mcp= + J M(asn?-+2n?-+6nps-+5pn-+ Son Gps-+2n+3p) 
+Cavn(3ns+6ps-+3n-+ 8p —3s—1) 
—Can(3ns—4ps-+2n—Tp—pn-+5s+2)t Rate psa kt SHS 


1 

Moa= Au }—Mp(5ns-+6nps-+3ns'+28-+5ps+6pn-+2s-+3p) 
—Capn(3s?-+6ps+12s+10p+1) 
—Coan(B3*+ 5ps-+17s+11p+6ns-+2pn-+2n+2)} . (418) 


in which 


A=22(spn+sp+sn+np)+2(sp?+sp+n2p+pn+s+st+n?+n) 
+6(sn?+s'n+p?+p) 
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If n=s, equations 415 to 418 take the form 


Mas= > {Caon meee a foi: ge a = ee 


. (419) 
tn fon Fun $ ae 
. (420) 
Mecp= —{Caon| ae +-Cnan lee Bae sna ke a 
(421) 
Moa= —5\Cson[ + ]+Coan{ n+2 pe see. spe 
us (422) 
in which 
a=n?+2pn+2n+3p 
B=6n+p+1 


If n=s and p=1 equations 419 to 422 take the form 
1 M 
Man=——>- 4 Can [*=* * | +Coanf 4 i =]- ail 


a B B 9 

(423) 

ta —¥ font ~ S]eom — $a 
Meo=—— 4 Can [= - BB Le (pat " sa Mp 
(425) 

Mpa=—— |Cann ee rr S| + Coan] cee oF x 
(426) 


in which 
a=(n+8) (n-+1) 
B=2(8n-+1) 
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If n=s=p=1, equations 423 to 426 take the form 


oe — =F {8Can+2Cr.—2Moh Pee ee. 407) 
fae = ee —Coat+2Mp t (428) 
Mop =+ \Cav+ 2M ' .. an lll eat ene oy 
are — =F 12Ca0+8Coa+2Mol PM ia... 3 t480) 


If both vertical sides are loaded and if the frame and the loads 
are symmetrical about a vertical center line 


Mav=Moe= ~~, | Can(n-+2p) + Coa | 1d Oe Ae eee 


Meo=Moa=—| Cant Coaln+2) . ’ ; ES ° 2 (432) 


50. Rectangular Frame. Any System of Vertical Forces on the 
Top.—Fig. 55 represents a rectangular frame subjected to any system 
of vertical forces on the top member AB. 


Figure 55 
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Applying the equations of Table 1 gives 


Man=2EK (204+ 0z) —Cap Mae re ie he Ee 
Mno= —2EK(205+04)—Cuap 0 ee 
—Mant+tMpst+Mac—Mcp=0 ‘ ° e e . ° . ° (435) 


Six other equations which are identical with equations 389, 390, 
and 393 to 396 of section 48 may be written. Combining these nine 
equations to eliminate 6 and R, as indicated in the last column of 
Table 11, gives the equations of Table 13. 


TABLE 13 
EQUATIONS FOR THE MOMENTS IN THE RECTANGULAR FRAME REPRESENTED 
By Fic. 55 
No. of Left-hand Member of Equation Right-hand Member 
Equation of Equation 
Mas Msc Mcp Mpa 
435 —1 1 —1 1 0 
436 n : 8 2s+3p 2n+3p 0 
437 —n 2s+1 2s+p —n —CeBa 
438 n+1 s+l1 stp n+p —(Cpat+Cap) 


Solving these equations simultaneously gives 
Map=—- | Coa(l0ns ++ 12ps+ 6pn-+3p) : ‘ 


+Cun(Lns-+28-+25-+2n+17ps-+5pn-+3p"+ 6p) _ (439) 
Msc=— + 4 Cpa(11ns+2n?+2n+2s+17pn+5ps+3p?+6p) 
+Can(Ons+n?-+12pn-+6ps+3p%) ; ee ee) 


Mcp= + 4 Cua(Tns—2n?—2n+s—5pn+4ps—3p) 


+Can(8ns—n?-+3n—3pn-+6ps-+3p) [ Oe 
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Mpa= ~ 4 Cpa(8ns—s’?+3s—3pst+6pn+3p) 


+Can(7ns—2st—2s-+n—Sps-+ 4pn—3p) | peer AP (495 
in which 


A=22(spn+sp+sn+np)+2(sp?+s2p+rptnp?+s+stn2+n) 
+6(sn?+s'n+p’+p) 
If the load is symmetrical about the center of AB, that is, if 
Can=Caa, equations 439 to 442 take the form 


Cap 


t [2ins-+85t+2s-+2n-+29ps+11pn-+ p+ 6p | (443) 


AB 


Nps Cap | 21ns-+-3n?-+2n+28+20pn-+11ps+6p+6p? | (444) 
Cis 

Men= 2 | 15ns—Bn?-+n-+s—Spn+10ps | eo beh Am adss 
Cn 

Mpa= | 15ns—3s?-+s-+n—8ps-+10pn | he Meme ea 


If n=s equations 439 to 442 take the form 


Man=- Loe fee seaeee lame tae eae 
Mre=—-> \Cna | EE | +Co4| Ph. cass) 
Moo= 5 4Co[>~—|+Cr[2+G]b. . . . ao) 
Moa= 4 Cra [2+ ]+Cn[2——F |b... (450 


in which a =n?+2pn+2n+3p 
B=6n+p+1 
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ies and Gin=Cra 


2n+3p 


Mazs=Msac=— Au Tone 


n 
Mcp =Mpa=Carn teed 


If n=s and p=1 


Mazs=— 

Msc=— 

Meo= = 

Moa= > 
~ in which 


a =(n+1) (n+8) 
B=2(3n+1) 
If n=s, p=1, and Can=Capa 


Mas=Mec= —Cap 


Mcv=Mpa=Cap 


2n+3 
(n+1) (n+38) 


n 


(n+1) (n+8) 


Mee =| 2Cna+ 3Can | 


Mne=— 


gh 
8 


[sem “2 Car 


2n+3 


a 


24: 
B 


Ir 


(451) 


(452) 


(453) 


(454) 


(455) 


(456) 


(457) 


(458) 


(459) 


(460) 
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Mep= + Cap ° . . . ° . . . . . e ) . (461) 
il 
Mpsa= te eae eee ne ee es 6 « ~-(4862) 


Masn=Msc=——-= Can . -. .-.-.s ~~ = © (463) 
i 
Mcpo= Mpa= "= ee ee ee at weed Pd (ABS) 


Values of Caz and Cga to be used in equations 4389 to 464 are 
given in Table 2. 


51. Rectangular Frame. External Moment at Upper Corner.— 
Fig. 56 represents a rectangular frame subjected to an external moment 
M at the upper left-hand corner. 


Figure 56 


For equilibrium at A 
M—M as—Map=0 or 
Mas=M—Map 
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Likewise 

Msac=—Moaa 
Mcv=—Mcr 
Mpa= —Moc 


—Mas+Mpat+Mac—Mco=—-M 
Equations 389 and 391 to 396 of section 48 


(465) 
(466) 
apply to this case. 


Eliminating values of 6 and R, as indicated in Table 11, gives the equa- 


tions of Table 14. 


TABLE 14 
EQuATIONS FOR THE MOMENTS IN THE RECTANGULAR FRAME REPRESENTED 
By Fia. 56 
Left- f E i 
No. of eft-hand Member of Equation Right-hand Mamber 
Equation Mar Msc Mep Mpa of Equation 
466 —1 1 —1 1 —M 
467 n s 2s+3p 2n+3p +Mn 
468 —7 2s+1 2s+p —n —Mn 
469 n+1 s+l1 s+p n+p +Mn 


Solving these equations simultaneously gives 


teste * {Lns-+2st-4+2s-+2n-+ 17ps-+5pn-+-6p+3p t+ M (470) 


Msac= aig n?+10ns+ 12pn-+6ps-+3p"| 


Nene + 4 3p—1n—3pn-4-Sne+-6pad-3n t 


(471) 


(472) 


Mpa=— + , —Tns-+28-+5ps—4pn-+2s+3p—n | sae AAO) 


Mav=+ 4 Hns-+2s8-+2s-42n+17ps+5pn-+6p-+3p"t . (474) 
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in which 


A=22(pns+sp+sn+np)+2(sp?+sp+n2ptpnts+s+n?+n) 
+6(sn?+s’n+ p?+p) 


If n=s, equations 470 to 474 take the form 


Mas= ; ste mat ?p) sa Mr ynre aie oe)" 7476) 
Mckee oe nin 2p) rs wae We, met 478) 
Min 1 
Mov= 3-4-7, +z} Rye oe ae 8 Siar 
Pe Pa 1 
Bonar at Mart NG Wha be Vip ail ne hy $478) 
Mao= 4 1— MOEtD) 4 | RR ee ee) 
in which 
=n? +2pn+2n+3p 
B=6n+p+b 


If n=s and p=1, equations 475 to 479 take the form 


Bee gol n(n+2) eo itl 
Sey ae ea) seat oe ae 


eee ye OU Ds ¥, ace ab sith se peek (481) 


(n+1)(n+3) * 6n+2 


(n+1) +3) 6n+2 


(483) 


7 
ncmarers peaneca tila) ak BSS. «74595 
oe aa 


M 
oe aCe) ae ota 
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M n 1 
Mee R Vos Cry Toa ho, OES ES, eae 


If n=s=p=1, equations 480 to 484 take the form 


Mase tM. J 55) 5a eee ees 
3 

Mip= +5. si) 7 ee 
M 

Mcp= + ag : . . . . : yg bas . - . . - . (488) 

Mpsa=0 . . . . . . . . . . . . . . . (489) 


If there is a couple at B as well as at A and if the frame and loading 
are symmetrical about a vertical center line, that is, if the couples are 
equal in magnitude and opposite in sense, and if n=s 


_M 
Mas=— Mepa= aes (n+2p) Me, Me ake, (490) 
M 
Map= — Mzc= ran (2n+3p) . . . . . . . . . (491) 
® 


M 
Mep=Mp,= = ° . ° . . . . ° . . . . (492) 
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X. Moments In FRAMES Composep or A LARGE NUMBER OF 
RECTANGLES AS A SKELETON-CONSTRUCTION BUILDING FRAME 


52. Effect of Restraint at One End of a Member upon Moment at 
Other End.—Fig. 57 represents any member in flexure. The end A is 


Mas 
= 


Figure 57 


acted upon by a couple Maz such that the tangent to the elastic curve 
at A makes an angle 64 with AB. The magnitude of the moment Maz 
depends not only upon the magnitude of 04, the moment of inertia of 
the section and the length of AB, but also upon the degree of restraint 
at B. This is illustrated by the following special problems. 

Consider that AB is hinged at B. Applying equation (C) of Table 
1 with R and Haz equal to zero gives 


| ye BSN Gy Se es 2 aa ee ames Ct) 


Consider that AB is fixed at B. resis equation (A) of Table 
1 with 6z, R, and Cur equal to zero gives 


Consider that 64=— 6s. mee equation (A) of Table 1 with 
R and Caz equal to zero and with 04 = — 6, gives 
ee 0 eines: Etesitk an ae oe. + ct’ eh (40D) 


Ficure 58 
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Fig. 58 represents a member AB having any degree of restraint 
at Band restrained at A by the members AC, AD, and AE. P repre- 
sents any system of loads. AC is hinged at C, AD is fixed at D, and 
the restraint at H is such that 0¢=—64. The moment at A in the 
member AB is taken as a measure of the restraint at A. Since A is 
in equilibrium, MasptMactManpt+Mar=0. That is, the moment 
Maz balances the three moments Mac, Map, and Mar. The moments 
Mac, Man, and May are therefore measures of the restraints which - 
the members AC, AD, and AE exert on the member AB at A. From 
equations 493, 494, and 495 


Mac=3EKac 64 
Man=4EKap 64 
Man=2E Kar 64 


These equations have the general form 
M=EE ON... a. ee i 


in which N depends upon the restraints at C, D, and H, and might be 
termed a ‘‘restraint factor;’’ that is, the restraint which a member can 
exert upon a joint at one end equals HK 6 times a factor N whose value 
depends upon the degree of restraint at the other end of the member. 
As derived, if the far end is hinged, N =3; if the far end is fixed, N =4; 
and if the angular rotation at the two ends is equal in magnitude but 
opposite in sense N=2. In general, N depends upon the restraints 
at C, D, and E. 


Figure 59 


In Fig. 59, B is restrained by the couple Maz and C, D, and # 
are hinged. 


EEE 
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For equilibrium 


Re ee eee 497) 
From equation (A), Table 1 

ieee 2, Os Oay ee 4. gee et Sa (498) 
Mere or han20pe- Oa) foo a> we Se eS (499) 


Substituting the values of Mac, Man, and M 4x from equation 493 
and the value of Maz from equation 498 in equation 497 gives 


2K ap 


Oye i ae RL 
Ante 08 4K 3K ic t8Kint3K is en 


Substituting the value of 64 from equation 500 in equation 499 
gives 


' _ Pie A(3K4p+3Kact3Kant3K az) 
oa Tg aR. aR tae | | (501) 
If C, D, and E of Fig. 59 are fixed, the values of Mac, Man, and 


M 4x of equation 497 are given by equation 494. Proceeding as before 
gives 


Mien 0s ae a | 


= 502 
4K 4pt4Kact4Kant4Kagz ( ) 


H 


S ymmetrical about ¢ 


| 
5 | 
“| 
ca 
| 
| 
| 


Mea=—Mre 


Fiagure 60 
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The frame represented by Fig. 60 is symmetrical about its vertical 
center line and is symmetrically loaded. 04 therefore equals — 6z. 

For the extremities of the members C, D, G, and H hinged, Mac 
and M,4p are given by equation 493. Maz is given by equation 495. 
From equation (A), Table 1 


Man =2EKa7(204+4+ 62) . . . . . . . . . . . (503) 


Substituting the values of Mas, Mac, Map, and Mag in equation 
497, solving for #4, and substituting the value of #4 in equation 504 gives 


pe Ee 4(2K an+3Kact3Kapt3K ar) K 
Maa=EKas ax | 2Kan+3Kac+3Kapt+4Kan a) 
If C and D are fixed 

pie Nat 4(2Kant+4Kact4Kant+3K an) 
Mra=EKax ar | 2K ant 4a 4K pak (506) 


Equations 501, 502, 505, and 506 have the form M=EK 6 N in 
which N corresponds to the quantity in the brackets. 

It is to be noted that for the values of N in equations 501, 502, 
505, and 506 the coefficient of K for the member in which the stress is 
to be determined is always 3 in the numerator and 4 in the denominator. 
For the members, furthermore, which restrain the member in which 
the moment is to be determined: if hinged at the far end the coefficient 
of K is 3; if fixed at the far end the coefficient of K is 4; and if the 
rotations of the two ends are equal in magnitude but opposite in sense 
the coefficient of the K is 2. These coefficients correspond to the 
coefficients of HK #4 in the expressions for the moments Mac, Map, 
and Mar of Fig. 57. 


53. Moment in a Frame Composed of a Number of Rectangles 
Due to Vertical Loads.—Fig. 61 represents a portion of a frame com- 
posed of a large number of rectangles. The portion considered is .taken 
from the center of a frame symmetrical about a vertical line. The 
member AB carries any system of vertical loads symmetrical about 
the center line of AB. Under these conditions there is no horizontal 
deflection of the frame. 

For equilibrium at A, 


Mant+Mapt+Mart+Man7=0 . . . : ‘ ° Fi . . (507) 
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Ficure 61 


From equation 496, section 52 


Map=EKap 64 Nap ‘ . - 5 * 3 5 e * ° (508) 
Maz;=EKa, 04 Naz - eM ete Perret at. 3 (509) 
Man=EKaz 64, Nau ete . ° ‘ « ° * 5 ° . > (510) 


Substituting the values of Map, Mar, and May from equations 508, 
509, and 510 in equation 507 gives 


Man=—E 64] Ka Nao+KarNartKan Nan | ein iavan LD 


Since the frame is symmetrical about a vertical center line, 64 = — On. 
From equation (C) of Table 1 


F 


’ Map=2HKap 64— ae (512) 
Eliminating 04 from equations 511 and 512 gives 
Re a ii. aS Nan+Kar Nar+Kan Nan 4 (513) 
ae TU | Kav Navt+Kar Nart+Kan Nan+2Kan 
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The stress in the frame apparently depends upon the values of the . 
N’s in equation 513; that is, the stress depends upon the degrees of 
restraint of the extremities of the members, O, N, L, K, J, ete. 

Although the degrees of restraint at these extremities are not known, 
it is known that the degree of restraint at each extremity is greater 
than if the extremity is hinged and less than if the extremity is fixed. 
If then the stresses are determined with the extremities hinged and 
again with the extremities fixed, although the true stresses will not be 
determined, they will be fixed between two limits. 


54. Extremities of Members Hinged.—If the members are hinged 
at O, N, L, K, and J: 
From equation 505, section 52, 


_4(2Kpo+8Kps+3Kpe+3Kap) 


lap = ek = 514 
Nap 2Kpc+3Kos+3Kp«+4Kap 14) 
Nv, -42Kne+3Kuw+3Kn0+3Kan) a 
& 2Knot3Kunt+3Knot4k an 
From equation 501, section 52, 
Nar= 4(8K41+3Kre+8Kr,+3Kqy) (516) 


4K4r+3Kie+8Kr1+3Kin 


The restraint factor, N, in each of these equations has a value 
between 3 and 4. 

Substituting the values of the N’s from equations 514, 515, and 
516 in equation 518 gives the value of Maz. 

The expression for M4» in equation 513 is made up of three quan- 
tities, the three moments resisted by AD, AI, and AH. These moments 
are as follows: 


Mapp Rial 


L | KapNan+KarNar+KanNant2Kan 
F KarNaz 
M7. = —| Oe eee ee eee a ae 
Ar= | KasNio Ea +R | 8) 
Las KanNau 
tA ae | asWao Fac Kaan | ee 


The values of the N’s are given in equations 514, 515, and 516. 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 119 


From the conditions for equilibrium at D and from the relation 
between Mp, and Mp it can be proved that 


Be en ohn 2K oc 
Moa= 2 Seon ee ea oe 
also 
7 Mar [3Kirx+3Kiw+3Ku : 
Mra=—> en aeer enrol Sys 
and 
—_ Man [3Kunt3Knot2Kue 5 
ee Saat BRagt Rest oKan oe 


Mpa is made up of the three moments Mpx, Mps, and Moc. 
These moments are as follows: 


ae. Max 3Kox 5 
Ria 2 Eresenererersre | O28) 
7 ap 3K ps as 
Mops = ) ce +3Kps+2Kpc+38K4 | eae ae 

Map 2Knc ae 
ee 2 Peerrcseter ee AES On 


In a similar manner M;,4 can be divided into Mrx, Mry, and Mrz, 
and My. can be divided into Mun, Muyo, and Mya. 


55. Extremities of Members Fixed.—If the members are fixed at 
O, N, L, K, and J: 


4 
; 
From equation 506, section 52, 
yn, 240 Kne+4Koy+4Kox+3K an) aoe 
Se eathpot4 host 4hpet4hap 
Nan= 4(2Kyat4Kunt+4Kuo0t3Kan) 7 P ‘ : , ; 4 (527) 


(2Knot+4Kunt4Knot4Kan) 
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From equation 502, section 52, 


3K4rt+4Krxe+4Krr+4Ki 


Ware Ok 


(528) 


Substituting the values of the N’s in equation 513 gives the value 
of Maz. 

Equations 517, 518, and 519 are applicable. By substituting the 
values of the N’s, given in equations 526, 527, and 528, Map, Marz, 
and May can be determined. 

Proceeding as in the case where the extremities of the members 
are hinged it can be proved that 


— Map 4Kpxr+4Kp7+2Koc 9 
Moa= 3 | Roe 44K p54 2Roe oR | se 
at Mir (4X pe ie 
ES: Freswremwtcmnrorl sae 

Man [4Kun~t+4Kunot+2Kue 
Maa= sn [4Kant4Knot2Kne 531 
fe 2 Feserteeor cece ( ) 


Mpa is made up of three parts, one part corresponding to each of 
the moments Mpx, Mp;s, and Mpc. These latter moments are propor- 
tional respectively to the parts of the numerator of equation 529: 
4Kpx, 4Kp;, and 2Kpc. Similarly, Mrz, Mrz, and Mry can be deter- 
mined from M;,4; and Myn, Myo, and Mug can be determined from 
Mra. ' 

To determine the effect of the degree of restraint of the extremities 
O, N, L, K, and J upon the moments in the frame, and also to deter- 
mine the effect of the magnitude of the K’s upon the moments in the 
frame, moments have been determined for frames having fixed and 
hinged extremities, for frames having all K’s equal, and for frames 
for which the K’s of the columns equal ten times the K’s for the girders- 
The values of the M’s are given in Table 15. 


From Table 15, it is apparent that only members directly connected 
to the member carrying the load are subjected to moments sufficiently 
large to be considered in the design of the structure. Furthermore, 
the moments in the members adjacent to the member carrying the 
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load are practically independent of the degree of restraint at the extrem- 

ities O, N, L, K, J, etc. Therefore, the moments in the frame of Fig. 61, 

due to the load on AB, are given with sufficient accuracy for purposes ° 
of design by equations 513, 517, 518, 519, 520, 521, and 522, based upon 

the assumption that the extremities O, N, L, K, J, etc., are hinged. 
The equations based upon the assumption that the extremities are 

fixed give almost exactly the same results and could also be used. 


TABLE 15 


MoMENTS IN FRAME REPRESENTED BY Fia. 61 


Moments are expressed in terms of 4 


Extremities of Members Extremities of Members 
Hinged at O, N, L, K, and J Fixed at O, N, L, K, and J 
Moment 
K’s of Columns K’s of Columns 
All K’s Equal | Equal 10 Times | All K’s Equal | Equal 10 Times 
K’s of Girders K’s of Girders 
Map — .845 — .972 — .849 — .973 
Map + .281 + .462 + .282 + .462 
Man + .281 + 462 + .282 + .462 
Mar + .283 + .048 + .285 +.049 
Mpa +.102 +.125 +.108 +.140 
Mua +.102 +.125 +.108 +.140 
Mra +.106 + .023 +.114 +024 
Mok — .038 —.011 — .043 —.012 
Mos — .038 = A07 — .043 =.122 
Moc — .026 — .007 — 022 — .006 
Mun — .038 —.011 — .043 —.012 
M uno —.038 — .017 — .043 —.122 
HG — .026 — .007 — .022 — .006 
IK — .035 —.011 — .038 —.011 
IN — .035 —.011 — .038 —.011 
IL — .035 —.001 — .038 — .002 


56. Distribution of Loads for Maximum Moments in a Frame 
Composed of a Large Number of Rectangles—Referring to Fig. 61, a 
load on AB produces a moment Mxp having the same sign as Maz. 
That being the case, a load on GF produces a moment M 42 of the same 
sign as the M,4z produced by the load on AB; therefore if AB and GF 
are loaded simultaneously the moment at A in AB is greater than if 
either AB or GF is loaded alone. Reasoning in a similar manner, the 
members can be selected which, if loaded, produce a moment at A in 
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the member AB having the same sign as the moment at the same 
point due to a load on AB. If all these members are loaded simulta- 
neously, the moment at A in the member AB is a maximum. 


Ws, W,; Ws Ws; Ws 


HOULOOUUAAONAOOUUOUOULARUUAGEGOAEOGOUOUAEUUGUOOOEUUOGRUGE AGHA AA ALA 


Ws Wi Wes Ws, Wo 


TT TTT 


Ws Wis Wes Ws Ws 


IUUNOVANGOODOTANOTALOOUUOARARETAL EACLE SAUER AT 
4 B 

W, Wi Wiz Ws: We 

HNQVAGTUAUATOAG AAA — UIIUUUTEATEAH AU 

W, Wi Wo 


Wa Wi 


TO 


TOUHOAVOUVOALOE EEARAOOOTAAGSGD SAAT AEE AT 


Figure 62 


Fig. 62 represents a frame made up of similar rectangles. All 
girders are equally loaded. The moments M4z and Map, due to these 
loads, as determined by the equations of section 53 are given in Table 16. 
For the frame of Table 16 the K’s of all members are equal. The 
moments in similar frames for which the K’s of all columns are equal 
and the K’s of all girders are equal, but for which the K’s of the columns 
do not equal the K’s of the girders, have been determined. The relation 
between the maximum moments which it is possible to obtain in the 
girders, and the ratio of the K’s of the columns to the K’s of the girders, 
is presented graphically in Fig. 63. Similar data for the moment in 
the columns are given in Fig. 64. 

Fig. 65 represents the loading which produces a maximum moment 
at A in the girder. Fig. 66 represents the loading which produces a 
maximum moment at A in the column. 


£ 
L 


fF 
L 


Moment in Per Cent of 


Moment in Per Cent of 
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Ends Fixed 
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ay 
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3 4 5 6 iz 8 g 10 


Ratio of K of Column to K of Girder 


Fiacure 63 


{fae wile ea 
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Ratio of K of Column to K of Girder 


Fiaure 64 
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Fibs Bei 


Figure 65 


It is to be noted that for the frames of sections 52, 53, and 56 the 
horizontal deflection of one story of the frame relative to the other 
stories does not enter. If either the frame or the load is unsymmetrical 
there is a slight horizontal deflection. For the usual proportions of 
frames of engineering structures, the effect of this horizontal deflection 
is slightly to reduce the moments. 


57. Eccentric Load at Top of Exterior Column of a Frame. Con- 
nections of Girders to Columns Hinged.—Fig. 67 represents a frame with 
eccentric loads at the tops of the exterior columns. The frame and the 
loading are symmetrical about the vertical center line of the frame. 
The connections of the girders to the columns are frictionless hinges 
The columns are continuous. 

The moment in the column depends upon the restraint at 1. The 
degree of restraint at 1 is known to be between the restraint of a column 
hinged at 1 and a column fixed at 1. If, therefore, the moment is deter- 
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Figure 67 


TABLE 16 


K’s of All Members Equal 
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Moments IN FRAME REPRESENTED BY Fic. 62 


Map Map 
Moment 
Produced 
by Hinged Fixed Hinged Fixed 
we 0 +.019 
W3 +.035 +.038 4.035 + .038 
wil an 0 +022 
wi2 +.038 + .043 — 102 — .108 
W13 — 283 ee — 282 
Wi4 +.038 + .043 + .038 + .043 
wei 0 — 022 
W22 ary — 022 +102 +.108 
w23 | =. 845 =-9 | +281 44.282 
W24 — 026 — 022 — 038 — .043 
a 0 — 022 0 06 ae 
w33. «| ~~ +.106 4.114 ~ 035 — 038 
W34 0 — .022 
 W43 0 ae aT6 
Total — .963 —1.003 0 0 
"Ee ES —1.241 + .456 4.512 


W’s not given in table produce only very small moments. 


mined for a column hinged at 1 and for a column fixed at 1 the true 
moment will be located between two limits. 


Consider the column to be hinged at 1 


My=0 


My=3EK1 0, ° 
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From equation 501, section 52, 


iw BKaT ok: 

Mi=4EK,0( Fe aR 2 (534) 

7 3K.+3K 
Ma= —Msa= —4EK 06 Ferg?) =2HK (200+ 8) e ° (535) 

, _, 3ki+3K2 
Let Nee aK 44K, 
From equations 534 and 535 
, —APK NoK.+3K3 
My=4EK,; ie erentrre an =) (537) 
Also 
PE op POS A SS ne ae ane g (.-5, 
From equations 537 and 538 
= Pe N2k.+4Ks3 

Os EK, N2K2+3K; * See 
Eliminating 0; from equations 535 and 536 gives 
Ms4= —6HK3 64+2Pe - 4 F * . E O r =, “ y (540) 
Substituting the value of 6; from equation 539 gives 

be Pe Noko 
Mu= > NiK,+ 3K (Gal) 
My= —M 34 > ° . e ° e ° ° . . ° " “ ‘ (542) 
From the equations of Table 1 
reer tEe AC atti Via eee eS ie son's) iad Saw, ee .+ .» (543) 


M.23=2EK2(20.+ 05) ° ° ° . . ° ° . ‘ ° . (544) 
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Eliminating 43 gives 
2M o.,3—M3.=6H Ke As ao as . . . . . . . . . (545) 


From equations 533, 545, and 542, and since Mz,= —M2; 


Ma Ki 


oe es ES ORS TE a Sei ae! Py 
2 aK, + Ka) M34 (546) 


If, therefore, the column is hinged at 1 


M43= Pe ° . ° . . . . : ° : - p . 2 F (538) 
om i Pe Nok» 
M34= — My2= > Fac, (541) 
My=— M23 = Benes M: (546) 

21 23 OK Ka) 34 . . ° . . - P z 
Na Pre Teele. 4K,+3K. 
If the column is fixed at 1, letting NV’, represent 4 ah ak 
M43=Pe . a . 5 = . . . 3 . . . e ’ (547) 
Pe N'.K» 
My4= — M32 = 2 NGK+3K, (548) 
ye y 2K, 
Ma= Mos — 4Ki+3Ko M3 ° ° . a ° . ° : (549) 


From a comparison of equations 538, 541, and 546 with 547, 548, 
and 549 it is apparent that the restraint at 1 does not materially affect 
the moments at 2 and 3. For purposes of design the moments as given 
by either equations 538, 541, and 546 or by equations 547, 548, and 
549 are satisfactory. Moreover the average of the moments obtained 
by 588, 541, and 546, and 547, 548, and 549 approximate very closely 
the true moments. 

If the K’s are all equal, a condition often approximated in practice: 
For column hinged at 1 


Ma=Pe . «0 5 es a 
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4 
Msi= —Ma= 7e Pe=0.266 Pe . - - ; a = 3 : (551) 
Mette +“ Peete; Rowe aka . . (562) 


For column fixed at 1 


Myu=—-My= oe Pe=0.269 Pe amie bas, @ 89 od (G54) 
2 4 ye 
Mu=— Me = oe Pe=0.077 Pe . 5 . . . . . . (555) 


It is to be noted that the frame considered is symmetrical about a 
vertical center line and is symmetrically loaded. If there is a load on 
the right-hand column only, the moments in that column will be 
slightly smaller than the moments given by the equation, and the 
other columns will be subjected to a small moment. The error in the 
moment in the loaded column and the neglected moment in the other 
columns increase as the ratio of the stiffness of the loaded column to 
the combined stiffness of the other columns increase. Although they 
have not been able to establish this statement mathematically, it is 
the opinion of the writers that if the equations of this section are 
applied to a frame that is either unsymmetrical or unsymmetrically 
loaded, the error due to the horizontal deflection of the frame is negligible 
for purposes of design. 


58. Eccentric Load at Top of Exterior Column of a Frame. Con- 
nections of Girders to Columns Rigid.—Fig. 68 represents a frame with 
eccentric loads at the tops of the exterior columns. The frame and the 
loading are symmetrical about the vertical center line of the frame. 
The connections of the girders to the columns are rigid. 

An exact determination of the moments in the frame is practically 
impossible. From previous similar work, however, it is known that of 
the moments produced by P on the right-hand side of the frame, only 
the moments at A, B, C, and F are large enough to be considered in the 
design of the frame. Furthermore, from previous work it is known 
that the moments at A, B, C, and F are practically independent of the 
degree of restraint at J, K, G, H, and D. 
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Figure 68 


It is therefore considered that the girders are hinged at J, K, G, 
and H, and that the columns are hinged at’H and D. Applying the 
same general method that was used in section 57, it can be proved that 


Man=4EK; 04 Gas. 1 Spel omer en eee nates 
on RA aR ten eee ie 
Mar=4EK, 04 Gress each, EE im) ects. ene 
in which 


4 ( 3Kst8Ks+3Ke 
ON Gyeesisei 3K3+3Ke+4Kh2 = 


ana 38Kst+3Kiot3Kz 
: 38Ks+3Kit4Kr 
For A to be in equilibrium 


Mast+Myr—Pe=0 F ‘ * . : Fi 4 s . . . . (558) 


From equations 556, 557, and 558 letting 


3K5+N2kK.+3Ky 3Ko+N7Ki+38K,4 
Wind | eo = 
: Granaencns an eee (siereNK IK) ees 
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PeNi ky 
L43= 
foment NE, or 
j PeN ik, 
MeN KCEN Ki oy 
Also 
_ Map 3Ks+NoK» 
ea 9 Fla cathe 
_ Mas 3K;5 . 
Mog———9-\ 3K,4-N.KitoK, ) (562) 
ie Maps N2Ko 
Bee Sa\ 3K NuKiL ok ) ee 
Msc K3;+Ke 
Mca = —— (> We: certs os 4 
a= "(ERK bee 
ia Msc Ke 
Mcu= ar. GeraeR) Wa eee RE) 
Mac Ks 
Mep= — — ( >—>—>- ) . er se ee (566 
ee KER SER:) pee? 
os, Mar 3Ko+N7K7 rn 
toe, CAR NR GK ) 0 
__ Mar N:Ky : 
ghd aeteg eee) bat 
__ Mar 3Ky : 
ih Seay EW aE. ) : ee) 
If the -s of the girders are all equal and are represented by 
K, if the +s of the columns are all equal and are represented by 4, 
and if the 1’s are all equal, N2=N;=N=4 = , and equations 


559 to 569 reduce to the form 


132 ILLINOIS ENGINEERING EXPERIMENT STATION 


3n+3+N 
Ve oe (Frame 
tAB EO 7 3n-baN on (Gn tN (570) 
Gees Gres, 
6n+N 
Neha BGs 
Mar=L£€ (2n34NY (nN) (571) 
Care, n(aaEN) 
+. Map 3n+N 
Mua= 75 Gea . Sa 
; re. Map 3n 
Mno=- = Srelcrarcer , got hae eee 
| SP ae mee 
Mee ( ET ae (574) 
_ Mac n+l1 
Mes= = Gan I As hes Fe 
___ Mac 
Men=- 3 ie + (576) 
Pet) Mad 
Mev=- (2 rm, (577) 
i Mar 38n+N : 
Mra= — (en - slp oy ESE et Sera 7s 
= ee Mar 
Mre=— —{* im cH (579) 


net 
a Sed ME eT 
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If all the K’s are equal 

ee eee OU rene ere noe ete ta ys) (682) 
ee emer ee ee kg ee tw E682) 
er Ae CS ide ee oe! LS9 me ys «|» (583) 
ieee ie Perr CAEP aye et ae ym +. (584) 
Deer Cee ae oe ey es fee ~ (585) 
ieee Cr tse r oP SP ele 2} (586) 
eee OS Cr is ek as xy: {587) 
ire ce ee eee 8e es we ee (588) 
een (ae ee i eewied ey ss” = 4089) 
ieee tte roe ee om. i we tw oy, (590) 
Meee oe epee es yl. tO) 


Figures 69 anp 70 


59. Eccentric Load at Middle Floor Level of Exterior Column of a 
Frame. Connections of Girders to Columns Hinged.—Fig. 69 represents 
a frame with eccentric loads at the middle floor level of the exterior 
columns. The frame and the loading are symmetrical about the 
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vertical center line of the frame. The connections of the girders to the 
columns are hinged. 

The moments are practically independent of the degree of restraint 
at land 7. The column is therefore assumed to be hinged at 1 and 7. 


~Ma—Mis+Pe=0 + . 2 5 eee es 
Nek ee 
Ks\ WK, + 4K 
Ma= Pe ie (NeRet8Rs \ sx NiE3Ks) (593) 
Gwen ‘(GreraR, 
M,;=Pe—M 4; 4 “ . ‘ P ts : 5 ; - 9 : 5 (594) 
eye ee NK» 
Mu=-Mn= WK fre (595) 
ae! = M5 N;Ks 
Ms4= —Ms6= 5) Bees (596) 
———— SS 4 sa eae 
Me Mu=Mu | RK, | gt a ee 
eee a = pate 2: Cee 
dice Ms=Mu| oor eKa | - SL =, Sees 
In these equations 
Ohi aie 
Naa 4 nee 
4 ( 3Kot3Ks 
ne 
When all K’s are equal 
Mus=Mu=—- Pe=0.5000 Pe lin Untaal taal See 


Mu=Me=— Pe=0.1333 Pe . ep aaa 


rea 
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Mu=Mu =~ Pe=0.0333 Pe . » ea 


If the ends of the column are fixed at 1 and 7, with all K’s equal 


Mus == Pe=0.5000 Pe = ee ah EO) 
ia 

re egies es 2 7 (608) 
3) 
2 


If there is a number of loads, the moment due to all the loads is 
the sum of the moments due to each load considered separately. 


With a load at each floor, if all K’s are equal and all values of Pe 
are equal, M= = he 


The moment diagram for the right-hand exterior column is repre- 
sented by Fig. 70. The loading which produces a maximum stress in 
the column just below 4 is represented by Fig. 71. If all K’s are equal 


/ 


Figure 71 


and all values of Pe are equal the maximum moment in a column that 


, > Pe 2Pe Pe 2Pe 
can be produced by eccentric loads is cGy + Gl 7 eae 
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It is to be noted that the frame considered is symmetrical about a - 
vertical center line and is symmetrically loaded. If there is a load on 
the right-hand column only, the moments in that column will be slightly 
smaller than the moments given by the equation, and the other columns 
will be subjected to a small moment. The error in the moment in the 
loaded column and the neglected moment in the other columns increase 
as the ratio of the stiffness of the loaded column to the combined 
stiffness of the other columns increases. 

As in section 57, the error in the equations of this section due to 
the horizontal deflection of a frame under any vertical loading is un- 
doubtedly negligible for purposes of design. 


60. Eccentric Load at Middle Floor Level of Exterior Column of a 
Frame. Connections of Girders to Columns Rigid.—Fig. 72 represents 


FiacurE 72 


a frame with eccentric loads at the middle floor level of the exterior 
columns. The frame and the loading are symmetrical about the 
vertical center line of the frame. The connections of the girders to 
the columns are rigid. 

From previous similar work it is known that of the moments pro- 
duced by P on the right-hand side of the frame, only the moments at 
A, B, C, L, M, and F are large enough to be considered in the design 
of the frame. From previous work it is known, furthermore, that the 
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moments at these points are practically independent of the degree of 
restraint at D, H, G, K, J, R, P,Q, and N. It will therefore be con- 
sidered that the girders are hinged at H, G, K, J, R, P, and Q, and that 
the columns are hinged at D, H, Q, and N. 

Applying the general method used in section 58, it can be proved 


that letting Ni=4 posed 
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Wie a (seers) a ee eer 
wie us Gennes Sy eerie 
Meo= x Cases. eS ee ee 
Mae Mize ta5 (618) 
Ma= - UE (eae) kL ee a 
Mam — —y Mar (SER ENGR Sa 


Ce ae bes 3K 
Mrs=- amine We ee Sl ee 
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If the+-’s of all girders are equal and are represented by K, and if 
the ets of all columns are equal and are represented by 


l 
3 
N.=Ni=Nun=Nu=N=4( on 


and equations 605 to 623 reduce to the form 


(Garey 
; Pe Ew) é 
Mae MAT) PAESENY ,_, ( BAENY ie 
(emery) ze nae) 
6n+2N 
nPe Ti BN ) = 
Mae" | 7ant3ENY) , ,, (antN\ Se 
(scpaey) +" (Grpay) 
Map 3n+N 2 
Msa=Mra= —— San ea) (626) 
eM an fee Sh 
Mre=M p= 5) Fisag a (627) 
M 
Mosc =Miu= = a aad . (628) 
M 
Mcs=Mur= oo ( nS (629) 
Mex=Muq= —22 ( os (630) 
Mep=Mun= Mee a) (631) 
fe tas Mae 8n+2N ae 


“6n+2N ; 
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A _ Mar 3n 

Mps= —= 3" (= or) . teal y slplig scheae hee 
eS ‘Mavi 

Mre=Mrp=— —* oe (634) 


If all the K’s are equal, equations 605 to 623 reduce to the form 


Mis=M4,=0.331 Pe’. 0) eee 
Mea=M1,=0.113 Pe“, fk 
Mso=Mzip=—0.052 Pe. . We ee 
Mac=Min=—0.062'Pe ey, 2 ee 
Mcs=Mui=—0.021 Pe. pane 
Mex=Mug=0,010 Pe. “S02 oe 2 a ee ee 
Mcp=Mun=0/010'Pe: oe be ee Se 
May =0.838:Pe 0 ee 
Mya=0.A81' Pe: ; 0.5) oe De 
Mary=—0,088 Peucut aes o0e pe eens ae 
Moo= Mrp=—0;046 Pe 0 x: ae ee a 


If there are loads at each of the points M, L, A, B, and C, the 
moment at any point, as A, can be determined by taking the sum of 
the moments due to each load separately. If the values of Pe are equal 


for all the points, if thes-’s of all girders are equal and are represented 


by K, if the 4~'s of all columns are equal and are represented by 


38n+6\ 
3n+7 /)’ 


«yeas 
onbaEN 


3n+3+N 3n+N 
3n+4-+4N J+ +n Fon 


, the moments are 


and all values of V = 4( 


Man=Mart= Ged. 


oO 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 141 


eae 

nPe (6n+2N 2n+4 ° 
 /3n+3+N py 3n+N 

A erCH) i (Soest 


If the K’s of the columns equal the K’s of the girders 
Man=Mar=l4 (sao. Pee Obre te Pe a ‘ . ‘ ° : (648) 


The moments Ma, and Map are a maximum when the frame is 


loaded as shown in Fig. 73. If the>-’s of the girders all equal K, and if 


the ’s of the columns all equal & » and if all valuesof Pe are equal, the 


maximum moments are 


Fiaure 73 
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eet Cinrs) 

Pe 3n4-4LN 

“3” </3n-3aow 3n+N 
Poeereen Go 


Ma =i (650) 


Mar iS maximum when alternate floors are loaded. For such 


oading 
N 
6n+2N ( 2n+4 ) 
Pe (aran ) yy (ae) 


2 /(38n+3+N tn( HN 
Geren lGaer) 


Ma, FHn (651) 


If the K’s are all equal and the values of Pe are all equal, the 
maximum moments are 


May=0°358 Pea. ob a TOS ee eis 


Figure 74 


61. Effect of Settlement of One Column of a Frame Composed of 
a Number of Rectangles —Fig. 74 represents a portion of a frame com- 
posed of a number of rectangles. The unstrained outline of the frame 
is represented by broken lines. The middle column BGL settles an 
amount represented by d. The strained outline of the frame is repre- 
sented by the full lines. The points D, A, C, J, M, K, F, and H remain 
stationary. 


For F to be in equilibrium 
Merxrt+MrotMrat Mae =") A ate % ‘ Cs , 3 F 5 (654) 
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Substituting the values of the M’s as given by the equations of 
Table 1 gives 


3EO( Ket Ket+Bi) 490K, 20+ 6e-3-7 )= ho) Wee (Glas 
or 
6K. —2Ks 0¢ 
te eer eee NG ny Sw Leg ee) J: 28 (656) 
38K4+ 3h, +3Ks + 4K; 
d 
5 


Substituting the value of 07 from equation 656 in equation 657 gives 


7 ee Bier aks skeen 
Mer =BK.| 496 earner 


6d SS | 


Tht So ern eee ce (658) 


Similarly for the right-hand portion of the structure 


cee (Sorte Sea ta x 


3Kh7+38K3+8Ky+4K 5 


6d (38K, +38K3+38Kit2Ke (659) 


TENS Ka BK e-oh eas 


Men=3HK.0c . : . . - ° e e e ° . . : (660) 


Met =3HK5 Og . . . . . . . . . . . . . (661) 


For G to be in equilibrium 


Moer+Men+Mer+Mcr=0 . . . . . . . . . (662) 
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Substituting the value of the M’s in equation 662 gives 


‘1s \8Ki+3Ki+3Ks+4K5 ls \8K7+3K3+3Kit+4Ke 


3K4+-3k\+3Ks+3K; 
3K4+3Ki+3K3+4k5 


6d ie Gea Ke ee 


4K.| 8K,+3K st 8Kit3Ke 


3K, +8K3t+3Kiy+4ks 


+4K| |+ 3Ko+3K, 
(663) 


From equation €56 


6d 


K; : 
i, ete Lg. ae toe ae ee oe 


~ BK i+ oh bekiesne 
Also 


Op 


6d ie 42K Oc 
6 
a3 Ky+-SRo-S Reais 


ne (665) 


If the portion of the frame DJ is symmetrical about G, 0¢=0, 
and Or =>—_ Ox. 

With 0c, 07, and 0, known the moments can be determined from 
the equations: 


Myi=BEK, Oy isi eee ae eae a) 
Men =BEKOy':.. Wg ae RM St arn eee es 
Myxc=3EKe0y (2 4 Re eed bee ce 
Mes 2BK(2 Oy-+0¢—3 4 soba, 9 cay ee EE BGT) 
Mor= 2EK(2 Pp Ne - ) cian S Rill he ia Ee, 
Men=3E Kao: << inki ecu diame ae 
Mor=3EK,.0o << , . cae ee 


Mou =2BK¢( 206+ 01+3-7- ) oo ES a eee 
6 
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Mec 2BK (2 Ort o-+3 a) meee Se, (674) 
6 
eee ea eee cree aoe he wr a ow (BFE) 


If the members, instead of being hinged, are fixed at D, A, B, C, 
J, M, L, and K 


oh! 1K,+4K 44K 14K, 457+ 4K 3+ 4 Biot 4K 
oo 
4K, 44K, +4Ky-+3K; 4K, +4K3+4Ki+3K 
tN GG raR Fa HK) Ck FIR eRcP AK ") AK 4K 
(678) 
6a! OK As 
5 
°° TR IR ARIK he 
6d os 42K 0c 
6 
Lalo 4K,+-4K3+-4Kw+4Ke se) 
Mex =4HK3:0y . . . . . . . . . e . . . (683) 
d 
Mro=2EK; (20+ 8-3 a eee Fe 8... (684) 
f 3 
d 
Mer=2EK; (200+ 6n—3 7) ee | 685) 
5 


Mep=4EK29e . . . . . . . . . . . e ° (686) 
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Met = 4E Ky Ag . . . . . . . . . . . . . (687) : 
Mon=2EKs (2 fot hee = Ser ee yet 
6 
: 3d 
Muc=2EK (2 ley ea 7) 8 ee rans 
6 
Mrnc=4EK36yn . e ° ° ° ° . . . . . . . (690) 
Maus =4HK,64 ° ° . . ° e e ° e e . . Py (691) 
Muym=4EKybe . COC. io eens i ae ehOoes 
If the portion of the frame DJ is symmetrical about G, 0¢=0, and 
Or = Oy. 


The moments due to the settlement of one column for frames 
having the K’s of all members equal and the lengths of all girders equal, 
and also for frames having the K’s of all columns equal, the K’s of all 
girders equal and the lengths of all girders equal are given in Table 17. 

It is to be noted that the work in this section is based upon the 
assumption that there is no horizontal motion in the frame. 


TABLE 17 


Moments IN A FRAME ComposeD OF A NuMBER OF RECTANGLES, DuE TO 
SETTLEMENT OF ONE CoLUMN 


—. for All Columns Equals K 


K’s of All 
Members Equal I Perey ae 
Aidcaeeh Lengths of All =~ for Girders Equals n 
Girders Equal : 
Lengths of All Girders Equal 
Ends Ends Ends Ends 
Hinged Fixed Hinged Fixed 
Mes and Mex, 0 0 0 0 
Mra, Mex, —Muc\18 KEd|3 KEd 18n KEd 3n KEd 
and —Mum 13 l 2 l 6+7n l l+n l 
Men and —Moy 18 KEd|3 KEd| 18? KEd 3n? = KEd 
13 (F 2 l 6+7n l 1+n l 
54 KEd| 9 KEd\—18n(2+n)KEd) _./(2+n\KEd 
Mrgid Meo |-5°"7 1-1 eta) 
Meer and —Moeun 


66 KEd 21 KEd\—6n(6+5n)KEd Se) KEd 


7: 1a: ae a ot 6+7n 2-‘\1-+n 
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XI. THREE-LEGGED BENT 


62. Three-legged Bent. Lengths of All Legs Different. Vertical 
Load on Left-hand Span—Legs Hinged at the Bases.—Fig. 75 represents 
a three-legged bent. The lengths of all legs are different P repre- 
sents the resultant of any system of loads on AB. The legs of the bent 
are hinged at D, C, and E. 


Figure 75 


Since axial strains are neglected the vertical deflections of B rela- 
tive to A and F are zero. Likewise the horizontal deflections of A 
B, and F are equal. This deflection is represented by d. 

Applying the equations of Table 1 gives 


M.>=3EK, (4 = H ) te a ae mE) 

Ai a bc OryaCieweee kc tk. (6948 

PO HIC Oe Oh One) eee ok. (698) 

Mac=3EK;, ( face a ) ee MA Ani S264. (696) 
2 


Mpe=3EK: ( r~ +) Me hs, (690) 
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For equilibrium at A, B, and F 


Map +Map = 0 ° . . . . : . . . . . . . (700) 
MpatMactM our ={{()) : ¢ ‘ ‘ @ ; : . . c (701) 


For the bent as a whole to be in equilibrium 


Map Mac Mer 
ho ho hs 


=O! ep ad ae ee 


Substituting the values of the moments from equations 693 to 699 
inclusive in equations 700, 701,4702, and 703 gives 


3HK,64—3HK, e +4HK,6,+2HK, p=Cap : F “ . (704) 


4HK\0,+2EK,04+3EK203—3EK, ~ +4EK;63+2EK30¢ 


4 
3EK, 2 3H Ky» d , 3EK, d 
a 6,—8EK, G + - ar Os —BEKa at i On—8EK, ie 
= : hg eatgte | le - eee | eee 


These four equations contain only four unknowns, and it is there- 
fore possible to combine the equations and solve for the unknowns. 
The resulting expressions, however, are so complex that it is more 
practicable to substitute numerical values for H, the K’s and the h’s 
and then solve for the unknowns, d and the @’s, by a process of elimi- 
nation. Knowing d and the @’s, the moments can be determined from 
equations 693 to 699 inclusive. 

For convenience in eliminating the unknowns, equations 704, 705, 
706, and 707 are reproduced in Table 18. In this table the unknowns 
are at the tops of the columns and the coefficients of the unknowns are 
in the lines below. Equations A to D of Table 18 are identical with 
equations 704 to 707. 
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Lengths of All Legs Different. Vertical Load on Left-hand Span. 


TABLE 18 


Equations ror THREE-LEGGED BENT 
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Legs Hinged 


at the Bases. 
No. Left-hand Member of Equation re 
ae veer 
i Oo 
te 64 OB Or d Equation 
3K, C 
A | 3K,+4Ki 2Ky 0 : +z" 
3K C. 
B 2K, | 4Ki+8K2+4K3| 2Kz Se a 
3K 
C 0 2K 4K34+3K,4 ia 0 
aig 3Ke 3K4 1G Cue 1 
D ra ho = he hal hg +3] h,2 + hee 7 | : 
Figure 76 
63. Three-legged Bent. Lengths of All Legs Different. Vertical 


Load on Left-hand Span—Legs Fixed at the Bases.—Fig. 76 represents 


a three-legged bent. 


The lengths of all legs are different. 


P repre- 


sents the resultant of any system of loadson AB. The legs of the bent 
are fixed at D, C, and E. 
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From the equations of Table 1 


May=2BK.{ 20,—3 x) ~ a SS be are 
Mup=2EK,(20,+0s)—Can. «2 eT 
Mis =2EK;(205-+64)4-Coa ‘<2 ne 
~s d 
Mac=2EK;z ( 26n—3 = ee da ae one 
l2 
Mar — 2EK;(2 Op+ 677) : : F f ; * 4 ~ . . : (712) 
Msp=2EKs(20r+-On) | 4) .0 Rees 
os d 
Mvp =2BK,( 20r—3 a ou th) Mee eehats Sie SS Res 
4 
| d 
eres 2EK.( 64-3 =) ns Lo NF (ee eee 
d 
Mcp =2BK:( 02-3 a ee ch ee he) 141) 
2 
a 
4 


For equilibrium at A, B, and F, equations 700, 701, and 702 are 
applicable. 
For the bent as a whole to be in equilibrium 


MiotMineo; Mociiltes ui Manetatene 
ee O vine Sowniaise bepeLS) 


Substituting the values of the moments from equations 708 to 717 
in equations 700, 701, 702, and 718 gives the equations of Table 19. 


64. Three-legged Bent. Lengths of All Legs Different. Any System 
of Loads.—No matter what system of loads is applied to the three- 
legged bents of Figs. 75 and 76, equations similar to equations 693 
to 699, 708 to 718 and 700 to 703 can be written. These equations will 
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contain no unknown quantities not found in the equations of section 62, 
and therefore they can be combined to obtain equations similar to the 
equations of Tables 18 and 19. The left-hand members of the equations 
for all bents with legs hinged at the bases will be identical with the 
left-hand members of the equations of Table 18, and the left-hand 
members of the equations for all bents with legs fixed at the bases will 
be identical with the left-hand members of the equations of Table 19. 

The equations of Table 1 as applied to a three-legged bent having 
legs hinged at the bases and carrying a number of systems of loads are 
given in Table 20. Similar equations for a three-legged bent having 
legs fixed at the bases are given in Table 21. Four equations containing 
four unknowns, derived from the equations of Table 20 are given in 
Table 22, and four equations containing four unknowns based upon the 
equations of Table 21 are given in Table 23. The equations of Table 22 
can be used to determine the stresses in a bent having legs hinged at 
the bases, and the equations of Table 23 can be used to determine 
the stresses in a bent having legs fixed at the bases. A numerical 
problem illustrating the use of the equation in Table 23 is presented 
in section 76. 


TABLE 19 


EQUATIONS FOR THREE-LEGGED BENT 


Lengths of All Legs Different. Vertical Load on Left-hand Span. Legs Fixed at 
the Bases. 


No. Left-hand Member of Equation Right- 


of hand 
Equa- Member 
tion 64 OB Or d - of 
quation 
K C 
2K 0 ae ee wee 
: 0 TE 
4Ki+4K2+4K3| 2Ks g3 _Caa 
he E 
2 K4 
2K3 4K3+4K4 —6>— 0 
ha 
= =i aa a = Sel 
Ke Ka EG Ke Kg 
risa oe he. 12173 athe he 0 


The ’s and d can be determined from the equations of Table 19 by a process of elimination. 
Knowing the ’s and d, the moments can be determined from equations 708 to 717. 
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Figure 77 


Figure 78 


Figure 79 
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Figure 80 


Fiaure 81 


T'icure 82 
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Figure 83 


FIGURE 84 


Fiaure 85 
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Figure 86 


Ficure 87 


Figure 88 
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65. Three-legged Bent. Lengths and Sections of All Legs Equal. 
Lengths and Sections of Top Members Equal. Any System of Loads. 


Let as of a Top Member be n times < of a Leg. Legs Hinged at the Bases.— 


Fig. 89 represents a three-legged bent. The lengths of the legs are 


equal, and the lengths of the top members are equal. The + of atop 


member is designated as K, and the + of aleg is designated as. The 


legs of the bent are hinged at D, C, and #. 


c 
Figure 89 
The equations of Table 1 as applied to the three-legged bent repre- 


sented in Fig. 89 are given in Table 24 for a number of systems of loads. 
Four equations containing four unknowns, derived from the equations 


Ficure 90 
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of Table 24, are given in Table 25, and the moments at the ends of the 
members as found from the equations of Tables 24 and 25 are given 
in Table 26. 


66. Three-legged Bent. Lengths and Sections of All Legs Equal. 
Lengths and Sections of Top Members Equal. Any System of Loads— 
Legs Fixed at the Bases.—Fig. 90 represents a three-legged bent. The 
lengths of the legs are equal, and the lengths of the top members are 


equal. The — of a top member is designated as K, and the es 


l 
is designated as 4. The legs of the bent are fixed at D, C, and E. 


The equations of Table 1 as applied to the three-legged bent repre- 
sented in Fig. 90 are given in Table 27 for a number of systems of loads. 
Four equations containing four unknowns, derived from the equations 
of Table 27, are given in Table 28, and the moments at the ends of the 

‘members as found from the equations of Tables 27 and 28 are given 
in Table 29. 


Figure 91 


Figure 92 
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0 0 0 0 avy +arqy=o 8 

a2 7 — 0 0 0 (as) = qe= 4 L 
0 0 EAS 0 (40+ 402) MAG= 14 9 
0 0 aa— 0 (40+90) MAG= 49 ¢ 
0 0 ; 0 0 (u- 7) a qe= ty p 
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No. 
of Mo- Case I Case II 
Equa-| ment Vertical Load on Left-hand Span | Vertical Load on Right-hand Span 
tion See Fig. 91 See Fig. 92 
1 ee 4 Caa(10n +9) +Cpa(4n+3) _ Car(An +3) —Crp(2n+3) 
Map= 4(n+1) (4n+3) 4(n-+1) (4n+3) 
> lee |_(4e(10n-+9)-+Cea(4n+3) 4 Car(4n+3) ~Crs(2n+3) : 
. = 4(n+1) (4n+3) 4(n+1) (4n-+3) : 
Saye 4 Qn+3) [(Can(2n+1)+Cpa(4n+3)] 4 Car(4n+3) (Qn +1)+Cra(4n?—3) © 
Mea 4(n+1) (4n+8) 4(n+1) (4n+3) 
_ | Cas+Cpa Car+Crp 
a 2(n-+1) + O41) | 
5 Maen | CAB (4n®—3)-+Caa(4n+3) 2n+1) — |_(n+3) [Car(4n+3)+Cra(2n+1)! 
es 4(n-+1) (4n+3) 4(n+1) (4n+3) 
ad Capn(2n+3) —Cpa(4n+3) Cer(4n+3)+Cre(10n+9) 
ooh ee adn) an) +—~“4(n-+1) 4n-+3) 
ae _ Can(2n+3) —Cpa(4n+3) _ Car(4n+3)+Cra(10n +9) 
‘z, 4(n-+1) (4n+3) 4(n+1) n+3) | 


For definition of Mp and Mg see Table 24, 


TABLE 26 


engths and Sections of All Legs Equal. ( 


egs Hinged at the Bases. 


Joments Dus to Various Systems or Loaps oN A THREE-LEGGED| BENT 


vengths and Sections of Top Members Equal. ( + =n iG ) 


oie: 
hoon 


1 


se III 
Horizontal Load to the Right on 
Left-hand Leg 
See Fig. 93 


2nH 4p(16n+15) —Mp(4n+3)? 


i 12(n+1) (4n+3) 


_ 2nH ap(16n +15) —Mp(4n+3)? 
12(n+1) (4n+3) 


Case IV 
Horizontal Load to the Left on 
Right-hand Leg 
See Fig. 94 


2nH rr(8n+9) —Mr(4n+3)? 


+—F9(n-+1) (4n-+3) 


_ 2nHrx(8n+9) —Mr(4n+3)? 
12(n+1) (4n+3) 


_ Qn +3) [2nH41n—Mp(4n+8)] 
12(n+1) (4n+8) 


_ 2nHrx(10n+9) —Mxn(4n+3) (2n+8) 


12(n+1) (4n+3) 


18h(n+1) 


. 18h(n+1) 


_ 2nHapt+Mp(2n+3) 
6(n-+1) 


2QnH rz—M zw(2n+38) 


+ 6(n+1) 


2nH 4p(10n+9)+Mp(4n+3) (2n+8) 


+r 12(n-+1) (4n+3) 


2nH ap(8n+9)+M p(4n+3)? 


+ 12(n+1) (4n+3) 


_ 2nHap(8n+9)+Mp(4n+3)? 
12(n+1) (4n+8) 


(2n+3) [2nHrze+Mn(4n+3)] 


RE 12(n-+1) Gn-+3) 


2QnH pr(16n+15)+M n(4n+3)2 


er 12(n+1) (4n+8) 


_ 2nHrn(16n+15)+M 2(4n-+3)2 
12(a+1) (n-+3) 


EK. 


oh 


. 2d2—da 


n+l 


. 6h(n+1) | 


. 18h(n+1) 


18h(n+1) 


Case V 
Settlement and Sliding 
of Foundation 
See Fig. 95 


1—d3) —l [d2(8n+6) +d4(8n+9)] 
(n+1) (4n+8) 


1—d3) —I [do(8n+6) +d4(8n+9)] 
(n-+1) (4n+3) 


-3) (2d1—ds3) +1 [d2(8n +6) —d4(10n+9)] 


(n+1) (4n+3) 


-3) (2d,—d3) —l [do(8n +6) +d4(2n+3)] 
(n-+1) (4n+3) 


1—ds) +1 [d2(8n-+6) —da(16n+15)] 
(n-+1) (4n+3) 


1—ds) +1 [do(8n+6) —ds(16n+15)] 
(n-+1) (4n+3) 


Case VI 
External Couple at 
Upper Left-hand 
Corner 
See Fig. 96 


4 M(10n-+9) 
4(n+1) (4n+3) 
4 MM6n?+182 +3) 

4(n+1) (4n+3) 


4 MGntl) (2n+3) 
4(n+1) (4n+3) 


SoM 
2(n+1) 


___M(4n?—3) 
4(n+1) (4n+3) 


M(2n+3) 
4(n+1) (4n+3) 
ee 
M(2n+3) 


— 


~ 4(n+1) (4n+3) 
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Figure 93 


Fiaure 94 


- Figure 95 
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Figure 96 


Figure 97 
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Fiaure 99 


Figure 100 


Figure 101 


No. 
of Mo- Case VII 
Equa-| ment Vertical Load on Left-hand Span 
tion See Fig. 97 
TGA, = 4 Can(in?+1in+2) +4nCpa(nt+1) 
2(n+1) (6n?+9n+1) 
Bo WM a5 = _ Can(11n?+15n+2) +4nCpa(n+1) 
2(n+1) (6n?+9n-+1) 
3 |Mea=_ |4%Can(Bnt+8n+4)+Cra(n+1) (6n?+13n+2) 
2(n+1) (6n2+9n+1) 
4° Mao _TnCapt2Cpa (4n+1) 
2(6n?+9n-+1) 
5 \Mpr= |_2Cann?+n—3) +nCeaa(n+1) (6n+5) 
2(n+1) (6n?+9n+1) 
79 ee 
6 - \Mrr= 4 nCaa(n+3) —4nCpa(n+1) 
2(n+1) (6n?+9n-+1) 
7 \Mppa= |_"Ca2(n+3) —4nCaa(n+1) : 
2(n-+1) (6n?+9n-+1) 
8 \Mpa= 4 nCaz(an+5) +Cpa(n+1) (Q2n+1) 
Zn+1) 6r?+9n-+1) 
9 |\Mce= |_Caan+1)+4nCea 
2(67?+9n-+1) 
1 ee _ Cap(2n?+4n+1) —Caa(n+1) (2n+1) 


i 


Case VIII 
Vertical Load on Right: 
See Fig. 98 


_ 4nCar(n +1)—nCre(n+3) 
2(n+1) (6n?+9n+1) 


4nCpr(n+1) —nCra(n+3) 


+ Sin) (Gn? EL) 


nC pr(n+1) (6n+5)+nCra(é 
2(n+1) (6n?+9n+1 


2(n+1) (6n?+9n+1) 


2Car(4n+1)+7nCre 


+ 2(6n?+9n-+1) 


_ Car(n+1) (6n2-+13n+2)-+n 
2(n-+1) (6n?+9n- 


4 Carin Th) +Cpra(1in?+15 
2(n+1) (6n?+9n-+1) 


_ AnCar(n+1)+Cra(lin?+15 
2(n+1) (6n?+9n-+1) 

_ Car(n+1) (2n+1) —Crp(2n' 
2(n+1) (677?+9n-+1, 


4nCpr+Cra(5n+1) 
2(6n?+9n-+1) 


_ Car(n+1) (2n+1) +nCra (4 
2(n+1) (6n?+9n+1) 


For definitions of M and Mz see Table 27. 


TABLE 29 


Moments Duz To Various Systems or LOADS ON A THREE-LEGGED BENT 
O 


Lengths and Sections of Top Members Equal. + =K) 
j Lengths and Sections of All Legs Equal. (+ > “x 
p Lees Fixed at the Bases. 
: Case IX 
_hand Span Horizontal Load to the ag on Left-hand Leg 
See Fig. 99 
4 nCan(10n?+15n+3) —2n(Mp—Cpa) (n+1)? 4 nCrx(2n 
2(n+1) (6n?+9n+1) 
_ nC ap(10n?+15n+3) —2n(Mp—Copa) (n+1)? _nCre(2n 
2(n-+1) (6n?+9n+1) 
jn?-+n—3) _n(n+2) oe i Coa)(n+1)] _nCre(4n' 
_ nC ap(2n—3)+2n(Mp—Cpa) (n+2) 4 nCre(2n 
Ore (3n?+8n+4) 4 nan (4n?+4n—1) +n(Mp—Coa) (n+1) (n+2) fe n(n+2)| 
2+2) 4 nCanQn?+3n— 1) +2n(Mp—Copa) (n+1)? 4 nCrx(10r 
2(n+1) (6n?+9n +1) 
=) Sera ee 
_ nCap(2n?+3n—1)+2n(Mp—Cpa) (n+1)? _nCrr(107 
2(n+1) (6n?+9n+1) 
_ Can(6n3+27n?+26n +2) _ Mp (6n?+ ee tea pin in) 4 Cru(6ni- 
6(n+1) (6n?+9n+1) ai ag 
_ Can(6n?—3n—1) +2(Mp—Copa) (3n?+6n+1) : : 4 Cre(6nt- 
6(67n?+9n+1) 
0 f bas pn =a \—Eagneits: @ none hhc mba iene: fic ae 
Cap(6n3+9n? —n—1)+(Mp—Cpa) (n+1) (6n?+9n +2) 4 Cre (6n4 
te 6(n+1) (6n2+9n-+1) 6a +1. 


Case X 
Horizontal Load to the Left 
on Right-hand Leg 
See Fig. 100 


Case XII 
External Couple at 
Upper Left-hand Corner 
See Fig. 101 


.—1)—2n(Me+Cer) (n+1)? 
TA) (6n?--9n-+1) 


M(11n?+15n+2) 
2(n+1) (6n?+9n+1) 


1—1) —2n(Me+Cer) (n+1)? 
+1) (6n?+9n+1) 


Mn(3n+1) (4n+5) 
2(n+1) (6n?+9n-+1) 


» —1)—n(Me+Cazr) (n+1) (n+2) 
2(n+1) (6n?+9n+1) 


Mn(n+2) (8n+2) 
2(n+1) (6n?+9n+1) 


—2n(Mn+Cer) (n+2) 
6n?+9n-+1) 


a 7Mn 
2(6n?+9n+1) 


2n+1)+(Me+Cur) (n+1)] 
+1) (6n?+9n+1) 


i 
jon +3) +2n(Mez+Cer) (n+1)? 


(n+1) (6n?+9n+1) 


z Mn(38r2-+n—8) 
2(n+1) (6n?+9n+1) 


Mn(n+3) 


Stl) 6n?-+9n-+1) 


‘5n+3) +2n(Me+Cerr) (n+1)? 
“(n+1) (6n?+9n-+1) 


6(n-F1) (6n?-+9n+1) 


-1) -—2(Mz+Car) (3n?+6n+1) 
6(6n?+9n+1) 


P+-On--1) 6(6n?+9n-+1) 


s Mn(n+83) 
2(n+1) (6n?+9n+1) 


|—n—1) —(Mz+Car) (n+1) (6n?-+9n+2) 


2426n42) _ Mz (6n?+9n-+2) — Cor (80nt-4+45n-+4) 


Mn(4n+5) 
2(n-+1) (6n?+9n+1) 


aa 


___ M(Sn+1) 
2(6n?+9n+1) 
M (2n2?+4n+1) 
~2(n-+1) (6n?+9n+1) 
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XII. Errect or Error in ASSuMPTIONS 


67. Error Due to Assumption that Axial Deformation is Zero.— 
In determining the stresses in frames it has been assumed that the 
members of the frame do not change in length, but since the members 
are subjected to axial stress there must be a corresponding axial deforma- 
tion. It remains to determine the effect of the axial deformation upon 
the stresses in the frames. 


» 


este BSA 


Figure 102 


Fig. 102 represents a square frame with all sides identical in section. 
The frame is subjected to a single horizontal force P at the top, and is 
in equilibrium under the action of P and the reactions at D and C. 
Since there are no loads except at the ends of the members, H and C 
of Table 2 are zero for all members. 

Case 1. Assume horizontal reactions at C and D equal. From 
equations 407 and 408 of section 48 


Man== 

Mac=—=7 
© Meo==— 

Mp.=— = 
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Nes 


Shear in AD= Sart Ta 1 


ngs 
Likewise 


Shearan BC=— P 


Bitear ii AB==P 


Sneak Oe 5 P 


_ 


Stress in AB= 5 


P compression 
Stress in CD=0 


Stress in AD= + P tension 


Stress in BC= =P compression 


Since AB, AD, and BC have the same sections, the same lengths, 
and are subjected to axial stresses of the same magnitudes, A h, repre- 
senting the change in length due to axial stress, is the same for all 
members. 


Referring to Fig. 102 


Applying the equations of Table 1 gives 
Mapn=2EK(204+ 63—3Rs) 5. eS nat, a ae eae 6 en 
Man= —2EK (204+ fo— Shi) 2 Se oe. ie ee ae 


Mac =2EK(263+ 0c—3Rz2) oS in stpee ew Oe Aen a) 
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Mecm-2FK(20s+0—3ha). =. . t 2 (722) 
peice vee Be ek , (798) 
Wie ORK Cec Os Sky) ss kt ss tC (TOA) 
1p SOTO) ped 29 a 6 279) 
emer L oh am, Miete  panai ots <2 ida (726) 


For AD and BC to be in equilibrium 
—Mast+Mec—MeptMp,t+Pl=0 ° ° e . ° ° . (727) 


Combining equations 719 to 727, substituting values for Ri, Ro, 
and Rs, and solving for the moments gives 


Pht, 3K 

Man= = asa | ye Ts ee Tepe) 
Pht, 9K 

Msc=-7 ea | (729) 
Ph 

pees ata ee Fa, GAL era) 


Nps oes eles (731) 


aa 
In these equations ats 


2Ah 


lecting the axial deformation in the members, and the ratio of a to 1 


represents the largest error due to neg- 


represents the relative error. 
Case 2. Assume horizontal reaction at C only. If the horizontal 


reaction is all taken at C 


Stress in AB= sP compression 


Stress in CD= SP compression 
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Stress in AD=+P tension 


Stress in BC = =P compression 


Since AB, CD, AD, and BC have the same sections, the same 
lengths, and are subjected to axial stresses of the same magnitude, 
Ah, representing the change in length due to axial stress, is the same for 
all members. The magnitude of AA is given by the expression 


Ph 


As Ah for AB equals Ah for DC, Ri=Rz 


Since AD is in tension and BC in compression 


Equations 719 to 727 are applicable. Combining the equations, 
substituting the values of the R’s and solving for the moments gives 


Mase T(i- on en oe ee Oe Cr) 
hee = fe a eT Ee oP erty 
Meas 2 (1+ as Ee a oe 7m 
Mos =— o (1+ oe (735) 


In these equations represents the error due to neglecting the 


6K 
2Ah 
axial deformation in the members, and the ratio of i to 1 represents — 


the'relative error. 
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Comparing Case 1 with Case 2, it is apparent that the error due 
to neglecting the axial deformations is smaller if the horizontal reaction 
is all at one corner than if half of it comes at each of the lower corners. 


The maximum relative error, for Case 1, is - Substituting for K 


its value > the expression os becomes se That is, the error due 
to neglecting the axial deformation in a square frame with all sides 
identical, subjected to a single horizontal force at the top, varies directly 
with the moments of inertia of the section of the members, inversely 
with the area of the members, and inversely with the square of the 
length. 

If for Case 1 the frame, instead of being square as shown in Fig. 102, 
is arectangle twice as wide as it is high, and if the sections of all members 
are identical, the moments in the frame due to a single horizontal force 
P at the top are 


Rass a Caare + Pte.) eae 
le ges an) Pe teh A hy Sot rare 
Meo= (1-45) Bet ee a. en We enor 
Mati a(it=p * (739) 


in which hf and K are for the vertical members. 


The maximum relative error in this case is a divided by 1. 


It is to be noted that 2, the coefficient of - in equation 739, is 


less than + » the coefficient of +, in equation 731. Hence for two 


frames, one a rectangle twice as wide as it is high with sections of all 
members identical, and the other a square having all sides identical 
with the vertical sides of the rectangle, and both frames having a 
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single horizontal force applied at the top, the error due to axial deforma- ° 
tion is less for the rectangular frame than it is for the square frame. 

If for Case 1 the frame, instead of being square as shown in Fig. 102, 
is a rectangle twice as high as it is wide, and if the sections of all members 
are identical, the moments in the frame due to a single horizontal 
force P at the top are 


Whee a, ie ae (740) 
Meee Sales at =) ln oh Ao eae ee neta 
es fi mee : a (742) 
ies Gt = ii) (743) 


in which h and K are for the vertical members. 


The maximum relative error in this case is pees divided by 1. 


8 Ah 
51 K : : 
It is to be noted that “50 the coefficient of Ah in equation 743, is 
more than bats the coefficient of —— & in equation 731. Hence for two 


2 Ah 
frames, one a rectangle twice as high as it is wide with sections of all 


members identical, and the other a square having all sides identical 
with the vertical sides of the rectangle, and both frames having a single 
horizontal force at the top, the error due to axial deformation is greater 
for the rectangular frame than it is for the square frame. 

Table 30 gives the errors due to axial deformations in a number of 
rectangular frames. The largest error in the table is 3.70 per cent 
for a frame 10 feet square composed of 27 in.-83 Ib.-I-beams. Although 
this frame is composed of members having sectional areas so large com- 
pared with their length that it would be impracticable to provide con- 
nections strong enough to develop the strength of the members, yet 
the error, 3.7 per cent, is well within the range of permissible error. 
For steel frames of the proportions common in engineering structures 
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be error is well under 2 per cent. For concrete frames the ratio 
eT is much less than for steel frames, and the error due to neglecting 


the axial deformations is correspondingly less for concrete frames 
than for steel frames. 


TABLE 30 


ERrRoR IN STRESSES IN RECTANGULAR FRAMES DuE To NueGuectinag AXIAL 
DEFORMATION 


Frame is subjected to a single horizontal force at the top. The horizontal 
reaction at the bottom is equally divided between the two lower corners. The sec- 
tions of all members of a frame are identical. 


= Frame Having Width | Frame Having Height 
EA Twice Height Twice Width 
Section Height E 
and | 220" | Height | Width oe Height | Width as 
oe anit feet feet Sarit feet feet cook 
27”—I—83 lb. 20 .92 20 40 avis 40 20 .33 
15 1.64 15 30 1.37 30 15 58 
10 3.70 10 20 3.08 20 10 1.31 
24”—I—80 lb. 20 .70 20 40 .58 40 20 .25 
15 1.24 15 30 1.03 30 15 43 
10 2.80 10 20 2.33 20 10 99 
20”—I—65 lb. 20 48 20 40 .40 40 20 We 
15 85 15 30 SrA 30 15 30 
10 1,92 10 20 1.60 20 10 68 
15”—I—42 lb. 20 .28 20 40 .20 40 20 .10 
15 49 15 30 41 30 15 17 
10 LG 10 20 92 20 10 39 
12”—I—31.5 lb. 20 .18 20 40 15 40 20 .06 
15 32 15 30 27 30 15 ital 
10 73 10 20 61 20 10 26 


68. Error Due to Assumption that Shearing Deformation is Zero.— 
In the derivation of the fundamental propositions upon which the 
analyses are based, deflection due to shear was not considered. That 
being the case, R in the equations of Table 1 depends upon the bending 
deflection only. In the analyses of the rectangular frames the f’s 
of the two vertical members are taken equal. This is true of the bending 
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deflections only when the shearing deformations in the two vertical 
members are equal. (Axial deformation is here neglected.) Likewise, 
in considering that the deflection due to bending for the top of the 
frame is zero, the shear deflection in the top of the frame is neglected. 


Figure 103 


Fig. 103 represents a rectangular frame having a horizontal force 
applied at the top. The members of the frame are subjected to shear 


as follows: 


Mpa—Mas__ Ph Apa xi Aan 


Shear in DA, Spa= on aes) ee h A 


Shear in AB, San= Masse xu ts Aap + Ade 


Mac—Mcn _ Ph Asc + Acv 


ll 


Shear in BC, Spc= Sen as emery Sot 7% 


Shear in CD, Sen= Moores 2. Acp + ie 


(744) 


(745) 


(746) 


(747) 
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In these equations A4z, Axc, Acp, and Ana represent the quantities 
in the parentheses of equations 401, 402, 403, and 404, of section 48, 
respectively, and A represents the common denominator of the same 
equations. 

The points D and C are considered to remain stationary, and axial 
strain is neglected. 

The total horizontal deflection of A equals the total horizontal 
deflection of B. These deflections are represented in Fig. 103 by d. 


Spah 
GA, 


The shear deflection of DA is and the shear deflection of BC is 


Se The bending deflection of DA, di, is therefore given by the 
3 
equation 
oBievGete (748) 
meee GA f 
and the bending deflection of BC, d3, is given by the equation 
2 Spach 
d3;=d GA, (749) 
The point C does not move vertically relatively to D, but there is 
a shear Scp which produces a shear deflection in CD of — seme 
4 
therefore there must be an equal and opposite moment deflection of 
ae. Similarly, there is a bending deflection in AB of a 4 
From the preceding equations 
uns dy ae ad = Spa 
Bi re CERT Te fe go ee a AY: 
ds Sap 
kR, = —= et EN ieee i Sy oN clk (51 
2 l GA: ay 
_ ds d Sze 
Bs pt Heat LAs sf) 
R= 24 = Boe (753) 
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Applying the equations of Table 1 gives 


Car aee (6n4-t.-8h) ee re 
oe zen (20s+-On—3R) o) oat de 0 
Mi n=ORK(20,46s—3R) 
Mise “9K (205-0,-3R) 2. | 2 eee 
Mone une (20s 68h). eee 
genre as one (28s40s—aR)) a 6 ean 
ioe a (2Bo-Oo BR) ete ee ee 
eee aa (28st ba BRAY. wcuctaaeet eC 


For AD and BC to be in equilibrium 
Mpsa—MastMac—Mcpt+Ph=0 ° . . . . . . . (762) 


Substituting the values of the shears from equations 744, 745, 
746, and 747 in equations 750, 751, 752, and 753, substituting the 
resulting values of the R’s in equations 754 to 761, combining the 
resulting equations and 762, and solving for the moments gives 


[ BaD +0400] 


(763) 


neglected, a positive quantity Ken 


Maz when shearing strain is : 
6PK E 
Man= | | 
(see equation 401, section 48). 


neglected, a negative quantity Al [ BecD Onc] 


Mpc when shearing strain is 6PK EB 
i ao ol cae G 
(see equation 402, section 48). 


(764) 
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Mcp when shearing strain is 6PK E 
Mcp= rest a positive anti - ne Z| | BeoD +000 | 


(see equation 403, section 48). 
(765) 


neglected, a negative quantity a | BraD—On.0] 


Mpa when shearing strain is 6PK E 
oo af Xe G 
(see equation 404, section 48). 


(766) 
in which 
Ban=6ns+5ps+2pn+p*>+2n+p—s 
Bac=6ns+5pn+2ps+ p?—n+2s+p 
Ben = 6ns+5n+2ps+p—pn+2s+1 
Boa =6ns-+5s—ps+p+2pn+2n+1 


Oarn= 4 (ns—pn+s’+5ps+2n+2s+6p) 
Ozc -4 (ns+5pn—ps+n?+2n+6p-+ 2s) 
Ocv= + (ns+2ps-+5n-+6p-+n?-+2pn—s) 


Opa = (e¢-+2ps-+5s-+6p-+ns+2pn—n) 


pailnstLnps+6ns*+2s'+ 10ps+12pn+2s+3p + 2s*p+2sp?+3p? 
CS hon AGT ay, Po re ee 


ep Sen ni LUnps+ l0pn+ len + 12ps+2n-+3pt2n'p +2np! +3pt 
A; 


ne 10ns+12nps+3ns?+2s?+11ps+11pn+2s+6p+3sn?+2n?+2n 
= OS ee a a ae a ra. 


_ 12ns+10nps+3ns?+ 11ps+11pn+2s*p+2sp?+6p?+3sn?+2n2p + 2np? 


2 


A=22(pns+ps+ns+np) +2(p’s+ps+n2p+pn+s?+s+n?+n) 
+6(n?s-+-ns?+ p?+ p) 
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If the members AB and CD are identical, equations 763, 764, 765, 
and 766 reduce to the form 


ap =M 4» when shearing deformation is neglected (positive 


quantity)-Fk 3. "a a ee es 
Myc=Mnrc when shearing deformation is neglected (nega- 

tive quantity)--h = + 165 ae ee ee Pee 
Mecp=Mep when shearing deformation is neglected (positive 

quantity) —~% 9: +.) on a ee ee 
Mpa=Mopa when shearing deformation is neglected (nega- 

tive quantity}—h. 4 SG ee we ee ee eee 

in which 


sere gC eT Cie py ay 2 


E PK s+3 n+3 ) 

If the members AB and CD are identical, and if DA and BC are 
also identical but not necessarily identical with AB and CD, k of equa- 
tions 767 to 770 is zero, showing that for a rectangular frame with 
opposite sides identical the shearing deformation does not affect the 
moment in the frame. 

The error due to shearing deformation in a number of frames is 
given in Table 31. 


Fraure 104 
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TaBLE 31 
ERROR IN STRESSES IN RecTANGULAR FRAMES Dur To NrGLEcTING SHEARING 
DrrorMatTioNns 
All frames are subjected to a single horizontal force at the top. 


Error Due to Shearing 


Description of Frame ifn 
I Strain Per cent 


Area 


Height |Width M of I K Map| Mpc | Mep | Mpa 
in in ee Sec- | in.4 | in. 
feet |) feet | P| tion 
in.2 


AB 20 |.2500 | 4.16 
No Two 30 50 BC 20 300 .83 L075) .03 .09 .02 
Members CD 40 5000 | § 

Alike DA | 100 | 6000 |16.67 


AB 20 | 2500 | 5 

24 40 BC 20 300 | 1. 
cD 40 | 5000 |10.41 
DA | 100 | 6000 {20.81 


AB | 20 | 2500 | 8.33 


15 25 ES 20 300 | 1.67 | .30 14 135 .07 
CD 40 | 5000 |16.67 
DA 100 6000 |83.33 
AB 
AB and and 
CD CD 20 | 2500 | 4.16 


identical 30 50 BC 20 800 | 0.83 | .082 | .078 | .078 | .032 
DA | 100 | 6000 |16.67 


AB 
and 
CD 20 2500 | 5.21 
24 40 BC 20 300) 104.050: |" 122°) 1227) 056 
DA 100 6000 |20.81 


AB 
and 
CD 20 2500 | 8.33 
15 25 BC 20 B00 AE 67 a7) 4,813 15,.813" |. 127 
DA | 100 | 6000 )33.33 


AB 
and 
CD 20 | 2500 | 6.95 
50 30 BC 20 300 | 0.50 | .016 | .072 | .072 | .016 
DA 100 6000 |L0.00 


AB 
and 
CD 20 | 2500 | 8.69 
40 24 BC 20 800015062 4) 2026). 1134) 7118) .025 
DA | 100 | 6000 |12.50 
AB 
and 


CD | 20 | 2500 {13.90 
25 | 15 | BC | 20 | 300] 1.00 | .063]| .290 | .290 | .063 
DA | 100 | 6000 [20.00 
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69. Effect of Slip in the Connections upon the Moments in a Rec- 
tangular Frame Having a Single Horizontal Force at the Top.—Fig. 104 
represents a rectangular frame having a single horizontal force applied 
at the top. The sections of opposite sides of the frame are identical. 
The connections at the corners of the frame slip. 

The changes in the slopes at the ends of the member AB are repre- 
sented by 64 at A and 0, at B; likewise for the member CD the change 
in slope at C is represented by @¢ and at D by @p; for the member AD 
the change in slope at A is represented by 62 and at D by 6,; and for 
the member BC the change in slope at B is represented by 6 and at C 
by 6g. That is: slip at A equals 0-64; slip at B equals 6,—03; slip 
at C equals 6¢-@c; and slip at D equals 04-6p. 

Represent + for AB and CD by K, and f for AD and BC by x 
Applying equation A, Table 1, and equating the sum of the moments 
at each of the points A, B, C, and D to zero and also equating the sums 
of the moments at the ends of the two members AD and BC to —Ph 
gives 


ORK (204+ On)-+ rok (262+ Ox BR) =0 . soAlotiay,"s, S aR 

2BK (20¢-+ Oo) += (204 + br 3K) =0 cise Sole a ae 

2BK (20+ 8c)-+ (26+ G2—BR) =0 Pe ios. < SS mater ay 

ORK 

PEK (200+ On —3R+201+ Os—3R+ 209+ 0q—BR-+200+ Or 
HBR) + Pha wie 2G a, cee 


Letting A represent the quantity, slip at A divided by R, likewise 
letting B, C, and D represent the corresponding quantities at the points 
B, C, and D, respectively, gives 
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mr Ox 
mica de 
0c 8 
ae. R 
_9n Ov 
Sa ay 


Substituting the values of 62, 6r, 0c, and 6, from these equations 
in the preceding equations gives 


264 Ap 1 
ae (i+ tn)+ ee a(3- 2A —D D) (776) 
26 O4 
as Ltn) +55 +22, Ae —2B— c) es ee ae 
20 AO , 6: 
am ae (itn) te ee Alt 20—B (778) 
26 
al l+n es +24, = 73- POS 1) (779) 
= Phn 

AOS eae gre as RE RE 

~($+3 oo 4 fo 4 a +4 (A+B+C+D). . (780) 


These five equations contain four unknown angles and one unknown 
deflection. Solving these equations and substituting the values for 
the 6’s and F in the expressions for the moments gives 


4, 
AP 3 4—(A4+B+4+C-+D) 


(6A+3B—9)+n(16A +5B+4C+5D —30) +77(6A +3D —9) 
(n+3) (8n+1) 
(781) 
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Vue fe Ph 
3. 4—(A+B+C-FD) 
(6D+3C —9) +n (16D+5C0+4B+5A —30) +n*(6D+3A4 —9) 
(n+83) (3n+1) | 
(782) 


Bs oe een ee 
Be 3B. A—(A+BIACLD) 
(6B+3A —9)+n(16B+5A +4D+5C —30) +n2(6B+3C0—9) 
(n+3) (n+1) 


(783) 


Ripe = tee aoe 
54 - (At BOL eee 
(6C-+3D —9) +n(16C0-+5D+4A +5B—30) +n2(6C-+3B —9) 
| (n+3) Gn+1) 
mes Bikey *S (784) 


The values of 


Q4 On Ac Op 
R’ R’ R’ and R determined from equations 776 


to 779 substituted in equation 780 gives 


1 Ph(n+ >] 


1 
R= z|(RA +RB+RC+RD)+% HK (785) 


in which RA, RB, RC, and RD represent the slips in the connections 
at A, B, C, and D respectively. If the slips are measured, R may be 
computed from equation 786. Knowing R and the slips, the values of 
A, B, C, and D may be computed. Substituting the values of A, B, C, 
and D in equations 781 to 784, the moments in a frame having connec- 
tions which are not rigid may be determined. 

If there is no slip in the connections the moment at each corner 
of the frame of Fig. 104 is — 44Ph. The differences between —14. Ph 
and the moments given by equations 781, 782, 783, and 784 represent 
the effect of the slip in the connections. 
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If A, B, C, and D, of equations 781 to 784 inclusive, are equal to 
each other; that is, if the slips in all the connections of the rectangular 
frame represented by Fig. 104 are equal, equations 781 to 784 reduce 
to the form 


cane Ph Resi Ree eiisn, & o(78ta) 
1 

Mpa= cage RN eet oe Seka, be 4. 4-1 BSR) 
1 
1 = 


That is, if the slips in all the connections of the rectangular frame 
shown in Fig. 104* are equal, the stresses in the frame are the same as 
they are in a similar frame having connections which are perfectly rigid. 


t K =820 in? 
Ficure 105 


To illustrate the magnitude of the effect of slip in the connections 
upon the stresses in a rectangular frame consider the frame represented 
by Fig. 105. Equations 781, 782, 783, 784, and 785 are applicable. 
Substituting the values of the quantities given in Fig. 105 in equations 
781 to 785 gives 


*Wilson, W. M., and Moore, H. F. ‘Tests to Determine the Rigidity of Riveted Joints of 
Steel Structures,’ Univ. of Ill. Eng. Exp. Sta., Bul. 104, p. 28, 1917. 


198 ILLINOIS ENGINEERING EXPERIMENT STATION 


M 4p =3,080,000 in. lb. 

Mpa=8,240,000 in. lb. 

Mec =3,050,000 in. Ib. 

Mex =8,300,000 in. Ib. 

If there is no slip in the connections, each of these moments is 
3,150,000 in. Ib. The errors in the moments due to neglecting the slip 
in the connections are as follows: 


M 4p, error = —3.8 per cent 
Mpa, error=+3.0 per cent 
Mac, error= —3.0 per cent 
M cs, error=+4.6 per cent 


For a given slip, the error due to slip is greater for a frame having 
short stiff members than it is for a frame having long flexible members. 
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XIII. Numericat PrRoBLems 


The following numerical problems illustrate the use of the equations 
which have been derived. 


70. Girder Restrained at the Ends. Supports on Different Levels. 
Any System of Vertical Loads.—Fig. 106 represents a 12 in.-31.5 lb. I- 
beam embedded in masonry at both ends. Because of upheaval by 
frost, or other causes, the beam which was originally horizontal now 
has one end higher than the other and the tangents to the elastic 
curve of the beam at the ends are inclined to the horizontal. The beam 
carries a concentrated load and a uniform load as shown. It is required 
to find the bending moments in the beam. 


400 Ib, per ft. 


12 in|31.5 Ib. I-beam 


, 
Figure 106 


Equations 25 and 26, section 13, are applicable. J for steel is 
30,000,000 Ib. per sq. in. 


dg= .75 inch 64=+.005 
F=215.8 in.* 63 = —.008 
: 15 Poe 
1=180 in. i Ta0 7 00416 
21S ee 
K= 39 = 1.2 in. 
From Table 2, Caz for a single concentrated load is 
Pab*., : 
= in which 
a=108 in. 
b= 72 in 
P=2000 lb. 
Pab? 


a: = 34560 in. lb. 
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Also from Table 2, Can for a uniform load over a portion of the 
. W 
span is 755 G (413d) — (4130) | in which 


ad=120 in. 
b= 72 in. 


w=400 Ib. per ft. = lb. per in. 


W 
{2p | (4-34) —w(al—30) | = 37,200 in. Ib. 


Total Can =37,200+34,560 =71,760 in. Ib. 


Substituting the values of the constants in equation 25, section 13, 
gives 

M 4n= —826,300 in. Ib. 

From Table 2, Cra for the concentrated load is 52,000 in. lb., and 
Cha for the uniform load is 32,700 in. Ib. 

Total Cps=52,000-+32,700=84,700 in. Ib. 

Substituting the values of the constants in equation 26, section 13, 
gives 

M pa = — 1,606,300 in. Ib. 

It is to be noted in the solution of this problem, in solving for both 
Man and Maja, that 64 and R are both positive whereas 6, is negative. 
The minus sign, moreover, is used before C4» and the plus sign is used 
before Cp4. The signs are in accordance with the conventional method 
of fixing signs given at the bottom of Table 1. 

If the supports had been on the same level and if the tangents to 
the elastic curves at the ends of the beams had been horizontal, the 
moments would have been given by the equations of section 11. Using 
the same values of Cys and Cz as before 


Map=—Capn=—71,760 in. lb. 
Mra ees +Cra = +84,700 in. lb. 


71. Girder Continuous over Four Supports. Supports on Different 
Levels. Any System of Vertical Loads.—Fig. 107 represents a 20 in.- 
80 Ib. I-beam supported on four supports and having hinged ends. 
The supports are all on different levels. It is required to find the 
moments in the girder. ; 
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a ek! aa 1b. Be 
Figure 107 

Equations (a), Table 6, are applicable. 
I,=h=I1,=1466 in.4 E=30,000,000 Ib. per sq. in. 
P= 240in. da=0 
L=216 in. dp =) thee 

; lo SMPs, dc [bahay 
LN eae a Fe 
Ko=—Fa0 =6.10 in. an=.o In. 
_ 1466 | oe 5 
Ki=36 =6.79 in. From Table 2 
: _ 3600 144 ¢ ; 
K.= Tey =7.64 in? Hna= 3940x240 (2% 240 144) 
= 127,000 in. lb. 

6.79 
N= — = 1.11 5000 x 144 x 72(216+72) 

6.10 TT 

2X216X216 
= 160,000 in. Ib. 
m= is =i by as 
ax 5000 144 72(216 +144) 
Hox = — oO 


2X216X216 
= 200,000 in. Ib. 


— 10000 12072 ‘ 
Hoo= SX192x192 (192 +72) 


=310,000 in. lb. 


Substituting these values in equations (a): of Table 6 gives 
Mec =4,071,500 in. Ib. 
Mep alee 1,987,500 in. lb. 
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If the supports had all been on the same level, the moments would - 
have been 


Mac = — 88,500 in. lb. 
M cn = — 227,500 in. lb. 


72. Girder Continuous over Five Supports. Supports on Different 
Levels. Any System of Vertical Loads. Ends of Girder Restrained.— 
Fig. 108 represents a girder continuous over five supports. All the sup- 
ports are on different levels and the girder is restrained at the ends. 
The slopes of the elastic curve at the ends are known. It is required 
to determine the moments in the girder in terms of J, the moment of 
inertia of the girder. 


it aN 


Figure 108 


The solution of the problem involves writing the equations of three 
moments and solving these equations for the moments. 

Cases (a), (d), and (e), Table 4, and the equations of Table 2 are ap- 
plicable. 


He I mea hGes Ae Ee oe £. al 
Ko= US PLES TY Saat LAT eR TCs 800 [,=1212=144 in. 
= pone ee: = as in 3 milks. we 15 3 = phe é 
Ki= ToX15 eM aik = 2 oe h=12X15=180 in. 
v7 prame Sipe seta tes oe ag ORT ore is oe 
Ko= St a Pe ee = 800 1,=12X8=96 in. 

af : 
ae in ls =12 10 =120 in. 


12X10 +120 


2 
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da=2.5in. dp—da=2.8-2.5=40.3in. 64=+.003 
dg=2.8in. dce—dg=3.0-2.8=+0.2 in. 62=—.002 
de=3.0in. dp—dce=3.1-3.0=+0.1 in. E=30,000,000 lb. per sq. in 


dp=o.1 in. dz—dp =3.0-3.1= —0.1 in. 


dz=3.0 in. 
Hyp= D00OX5X7X19X12 4 12000(16) (2X 144-16) 
ae 2144 8x 144 
= — 183,900 in. lb. 
5000X5X7X17X12 . 12000 eave ee 
Haa= eee 144-64) (2x 144 144 64) 
=190,700 in. Ib. 
— 10000X8X7X22X12 . 12000 Ps 
f= on + = X225=665,500 in. Ib. 
_ 10000X8X7X23X12 12000 ye , 
Hez= = py + 8 X 225 = 681,500 in. lb. 
12000 7. _ 
Heo= seq X (64-36 ) (2x64—36—64 ) = 18,400 in. Ib, 


12000 om : 
Hoe= S54 (4) (2x64-4) =11,600in. Ih. 


10000 X5X5(15) x 12 


Hox = 2100 


= 225,000 in. lb. 


10000 X 5 & 5(15) x 12 


Hzp= 200 


= 225,000 in. Ib. 


Substituting the values of these quantities in the equations of 
Table 4 gives 
From equation (d) 


6.4 Mnc+2.0 Mcp=1030 J—2,978,000 . . . . . . (786) 
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From equation (a) 
1.875 Mac+5.75 Mcpo+Mpz=130 I—2,593,000 . . . (787) 
From equation (e) 
1.6 Mcp+6.2 Mnz=3900 L—487,1005. .)  ) 7 ee) 
From equations 786, 787, and 788 

Mor = (672 I+9,500) in. lb. 

Mcp = — (166 [+341,000) in. lb. 

Moac= (213 I—358,000) in. lb. 


Substituting the values of Mzc and Mcp in equation (a) of Table 4 
gives 
Masp=(467 [+18,750) in. lb. 
Also from equation (a) of Table 4 


Mep = —(530I —193,400) in. Ib. 


20" 


\ 18 in. 60 lb. I-beam 


10,000 1b. per ft. 10,000 lb. per ft. 
Figure 109 


73. Two-legged Rectangular Bent with Legs Fixed at the Bases. 
Bent and Loading Symmetrical about a Vertical Center Line.— Fig. 109 
represents a two-legged rectangular bent with legs fixed at the bases. 
Both legs are subjected to hydrostatic pressure. The bent and loading 
are symmetrical about a vertical center line. It is required to deter- 
mine the moments in the frame. 


po 


ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES 


Equations 126 and 127, section 25, are applicable. 
441.8 


K for AB 240 ~ 
oes tor Al) 841.8 — 


_ From Table 2 


Cap= To (61-30) in which 


2 2 
ie ro (at 10al-+102) 
ae = 50, 000 Ib 


a=120 inches 
1=192 inches 
Cap=891,000 in. lb. 


Cpa =984,400 in. Ib. 


0.42 
Mazs=Mouc=— 0. aE 000 = —67,900 in. Ib. 


Mcs=—Mpa= 0. oe 


—— 20 


20,000 Ib. |12 in. 31.5 lb. I-beam 


15 in, 42 1b. [-beam 


18 in. 60 lb. I-beam 


Figure 110 


391,000 + 984,400 = 1,145,900 in. Ib. 
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74. Two-legged Rectangular Bent.: One Leg Longer than the Other. 


Concentrated Horizontal Load at the Top. Legs Fixed at the Bases.— 
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Fig. 110 represents a rectangular bent having one leg longer than the 
other. There is a horizontal force of 20,000 lb. applied at the top. 
The bases of the legs are fixed. It is required to determine the moments 
in the bent. 

Equations 252, 253, 254, and 255, section 33, are applicable. 


P =20,000 lb. 
1=240 inches 
h=240 inches 


240 : 
i= 360. = 0.667 


215.8 


K for AB= —ya— 


= 0.90 in.’ 


441.8 


K for AD= PA0 


= 1.84 in? 


841.8 <r 
Kor bG = 360 = 2.04 1m 


_K for AB 
"= K for AD 


_K for AB 
8 K for BG 


= 0.49 


=0.385 


A, =2(3 X.49 X .385 X .385-+4 X .49 X .385+.385 X 885+ .385+3 
X.49 X.385 X.667+ 3 X.49 X.49 K.385 X .667 X .667-+ .49 
x .49 X .667 X .667+.49 X.667 X.667-+4 X.49 X.3885 XK .667 
X .667) = 5.334 


Substituting the values of the quantities in equations 252, 253, 
254, and 255, of section 33, gives 


Man =1,100,000 in. lb. 

* Mpa =958,000 in. Ib. 
Mpa=—1,950,000 in. Ib. 
Men =—1,664,000 in. Ib. 
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75. Two-legged Rectangular Bent. Settlement of Foundation.— 
Fig. 111 represents a rectangular portal. Due to upheaval by frost 
or other causes the foundation originally at C’ moves 2 inches to the 
right, settles 3 inches, and turns in a negative direction an angle of .01 
radians. It is required to determine the moments in the portal. 


= 20000 in* 


Fieure 111 
Equations 204, 205, 206, and 207, section 31, are applicable. 
1=240 inches 


h=480 inches 


_ 20,000 _ toe 

| Soar She in. 
Vitor Ab. 83.4 _ 193 
“Kfor AD 6.25 

Fe ple 0094 

“242 ~ ‘ 
6p =0 
d=2 inches 


FE =30,000,000 Ib. per sq. in 
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Maz =2,502,000,000 [0.000816 — 0.001461 — 0.000831] 
= —3,700,000 in. lb. 


M xc =2,502,000,000 [0.000816 — 0.001451 +-0.00083 1] 
= +470,000 in. lb. 


M er =2,502,000,000 [0.000877 — 0.003255 — 0.00083 1] 
= — 8,040,000 in. lb. 


Mpa= —2,502,000,000 [0.000877 — 0.003255 +-0.000831] 
= +3,875,000 in. lb. 


200" 300" 
80" 120" 90" 210" 
3s ‘ 
= = 
i=] 
= [=| 120in* $ 
= Ss F 
_— B S ——— 
j 
[= 90 in? 
= 0.01 
er = 
DZ S| 1-|200in* 
‘ 0.01 
al 
4 
1 BE" ~ 
Tl a 
4B 
ol 
' Figure 112 


76. Three-legged Bent. Lengths of All Legs Different. Loads on 
Top and Settlement of Foundations.—Fig. 112 represents a three-legged 
bent having vertical loads on top. The legs are restrained at the bases. 
Due to upheaval by frost or other causes the foundation at D has 
rotated in a positive direction through an angle of 0.01 radians. Like- 
wise the foundations at C and EH have rotated in a negative direction 
through an angle 0.01. The foundation, originally at C’, has moved, 
moreover, to the right 1 inch and has settled 3 inches. Likewise the 
foundation, originally at H’, has moved to the right 2 inches and has 
settled 1 inch. It is required to determine the moments in the frame. 
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The equations of Table 21 are applicable. Since there are no hori- 
zontal loads on the legs nor external couples at the top, Cases IX, X, 
and XII will not enter. 

The total right-hand members of the equations of Table 21 will 
therefore be the algebraic sum of the right-hand members due to Case 
VII, Case VIII, and Case XI. 


ho=200 in. I,=60 in.‘ 

hy=300 in. a= 20cm: 

ks=400 in. I,=90 in.4 

J, =200 in. I3=120 in.* 

l3 =300 in. iz—=200) 1m 

K,=0.30 in? Caz =2,880,000 in. lb. 

K,=0.60 in.* Ca = 1,920,000 in. lb. 

K,=0.30 in. Crr =4,410,000 in. Ib. 

K;=0.40 in? Cre =1,890,000 in. lb. 

Ky=0.50 in.’ E=30,000,000 lb. per sq. in. 

as : 25508 -0.054ins Kobo = 0.003 ins 
K20c¢ = —0.003 in.* 

“oe = GG 70.006 in? 9, = 0,005 in 

6(ds—di) Ks _ 6X(—2) x0.4 

ls 300 
= —0.016 in’ 


6diK, _6X2X0.5 _ er 
eae = ==. 0 Pum. 


Substituting the values of these quantities in the equations of 
Table 23 gives equations 1, 2, 3, and 4 of Table 32. It is to be noted 
in the equations of Table 32 that the quantities under the headings 


Case VII and Case VIII are coefficients of * - Solving equations 1, 
2, 3, and 4 by the method of elimination, as given in Table 32, gives 


= = [49,873,300 — 19,722,100 | 4-1,19314 
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poke [238,155 —797,034 —~ 0,0047062 


ie 
=i [ — 808,835 +-1,039,263 | + 0.0061134 


ee + [1,126,370 395,727 | +.0.014278 


Substituting these values of the @’s and d in the equations of 
Table 21 gives the moments in the frame. The moments are itemized 
and presented in Table 33. 


TABLE 32 


EQUATIONS FOR THE THREE-LEGGED BENT or Fic. 112 


Left-hand Member of Equation Right-hand Member of 
Equation 
No. of 
Equation Case VII |Case VIII} Case XI 
04 Op Or d Coefli- Coeffi- 
cients cients 
ee i es 
E E 
1 Boolean 0 —.0090 |+28800 0 .04800 
2 L252 .80 —.0060 |—19200 |+44100 .03800 
3 0 8 3.60 — .0075 0 —18900 |—.02100 
41000 1S oleae O 1.25 — .02792 0 0 — .01167 
1 +1.0/+ .3333 0 — .002500 |+ 8000 + .013333 
2 +1.0/+4.3333/+ .6667 |—.005000 |—16000 |+36750 /+.031667 
3 0 
4 +1.0/+ .6667/+ .8333 |—.018611 0 0 — .007777 
(2—1)=a| 0 |+4.0000/+ .6667 |—.002500 |—24000 |+86750 |+.018333 
(2—4)=b| O |+8.6667/— .1667 |+.013611 |—16000 |+36750 /|+.039444 
a +1.0 |+.166667 |—.000625 |—6000 |+ 9187.5)+.004583 
b +1.0 |—.045454 |+ .003712 |—4363 .63|+10022.7|/+ .010757 
+1.0  |+4.500000|— .009375 0 — 23625 .0)— .026250 
(8—a)= 0 |+4.333333/—.008750 |+6000 |—32812.5/—.030833 
(8—b) =d 0 |+4.545454|— .013087 |+-4363 .63] 33647 .7|— .037007 
c +1.0 — .0020192/+1384.61|—7572.11)— .0071154 
d +1.0 -.0028792|+ 960.00|—7402 .50|— .0081415 
(c—d) =e 0 + .0008600|+424.61 |—169.61 |+ .0010261 
e +1.0 +493733 |—197221 |+1.19314 


ANALYSIS 


TABLE 33 


OF STATICALLY INDETERMINATE STRUCTURES 


MomEnNts IN THREE-LEGGED Bent or Fic. 112 


Moments are expressed in inch-pounds. 


211 


Moment 


Due to Load 
on AB 


+ 231500 


— 1026800 
— 661500 
— 783600 
— 106000 
— 1382100 


Due to 
Due to Load Settlement of 
on BF Foundations 
— 59900 +294900 
+ 297400 —371800 
+ 2019400 — 665800 
+ 1365400 + 5300 
+ 741900 — 284700 
— 3384800 +660500 
+ 1446200 +400800 
— 649100 — 559600 


+ 466500 
— 981700 
+ 3164000 
+ 343900 
— 204300 
— 3507900 
+ 1741000 
— 1340800 
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XIV. CoNncLusIONs 


Some outstanding features of the use of the slope-deflection equa- 
tions, as brought out by the analysis in Part II, may well be emphasized. 

Two general methods of using the cquations have been illustrated. 
In one case, after the equations have been written for each member of 
a frame, by equating the sum of the moments at each joint to zero and 
employing one equation of statics, a number of equations is obtained 
which contain values of 6 and R&R as the only unknowns. From these 
equations can be found values of @ and FR, which, when substituted in 
the original slope-deflection equations, give values of the various 
moments. This method applies especially well to a frame in which 
a large number of members meet at each joint. Such a problem is 
generally best solved in numerical terms. Examples of this method 
are found in sections 23, 61, 64, and 65. 

- The procedure in the other case is more direct. The slope-deflec- 
tion equations for each member may be combined to eliminate values 
of @ and R, leaving equations involving the unknown moments, the 
properties of the members, and the given loading of the frame. These 
equations may be solved directly for the moments. Examples of this 
method are found in sections 24, 35, and 49. 

Special attention is called to the form of the equations, which 
are independent of the magnitude and location of the individual loads, 
except as the magnitude and location of such loads influence the numer- 
ical values of the quantities C and H of the equations. The quantities 
C and H are determinate and their numerical values may be readily 
found for any known system of loads. : 

It is well to note also that the treatment of continuous girders for 
which the supports are not on the same level is comparatively simple. 
This part of the work is of considerable value inasmuch as it permits 
the determination of the effect of the settlement of supports. The 
treatment of the settlement of foundations for two-legged bents is of 
equal importance. 

Advantages of the slope-deflection equations which are worthy of 
appreciation are: 

(1) The general form of the fundamental equation is easily 
memorized, and the equations may be written for all members of 

a structure with little effort. The value of the quantities C or H 
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for loaded members may be calculated by reference to Tables 2 
and 3. It is frequently possible to simplify the equations through 
noting where values of @ and 2 ~:ust be equal to zero from the 
conditions of the problem. 


(2) No integrations need be performed except possibly to 
find values of C or H, and there is little danger of the omission of 
the effect of a single indeterminate quantity, as there is in methods 
involving the work of internal forces or moments. 


(3) The physical conception of a problem is easier than in the 
case where differentiation or integration is performed. When the 
slopes and deflections are determined, it is easy to visualize the 
approximate shape of the elastic curve of a member, whereas an 
expression involving the work of an indeterminate force or moment 
may have little physical meaning. Neither does the method of 
cutting a member and equating expressions for the linear and 
angular movement of the adjoining ends give so clear an idea of 
the actual deformation. To one unfamiliar with such a method, 
the determination of the sign of the movement of the ends of the 
member cut is also more or less difficult. 


(4) It is shown in sections 67, 68, and 69 that the effect of 
axial and shearing deformations and of slip of joints may be cal- 
culated by the use of the slope-deflection equations. This makes 
possible a complete treatment of any problem, though it is shown 
that it is seldom necessary to make use of such refinements in an 
analysis. 


.5) The use of the quantity K for sof a member, and also 


of quantities n, s, and p, as ratios of K’s for different members, 
is of great help in writing equations in a workable form. The 
restraint factor N is also useful in simplifying both analyses and 
final equations. 


(6) Although the fact has not been brought out in this 
bulletin, these equations may be applied to many structures not 
composed of rectangular units. The determination of secondary 
stresses in bridge trusses is an example of such use which has been 
in print for some time. With trapezoidal and triangular frames, 
care must be taken in the use of the term FR for adjoining members. 
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(7) While the method is readily applicable to all the 
problems solved in this bulletin, its advantage over other methods 
is seen when applied to structures which are statically indeterminate 
to a high degree and in which a number of members meets at each 
joint. 


The use of statically indeterminate structures in recent years has 
grown rapidly and many new types of structures have been evolved. 
With the use of riveted connections in steel frames and the develop- 
ment of monolithic reinforced concrete structures of all sorts, it often 
happens that statically indeterminate stresses cannot be avoided. On 
the other hand, structures are frequently made of an indeterminate — 
type for the purpose of securing economy of material. Rational 
methods of design will do much to inspire confidence in the reliability 
and economy of such structures, thus insuring their more widespread 
use. 

It is felt that the treatment of statically indeterminate structures 
given in this bulletin will be helpful in giving information regarding 
such structures. The method has been explained in sufficient detail 
to enable the designing engineer to use it in the solution of his particular 
problems. It is believed that the fundamental principles can be quickly 
coérdinated with the ordinary principles of mechanics so that the more 
complex problems and even the simpler ones may be studied from a new 
viewpoint. 


